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Abstract Fitness models are used to reduce evaluation frequency and cost. There are 
three fundamental challenges faced when using fitness models: (1) the model 
learning investment, (2) the model level of approximation, and (3) the lack of 
convergence to optima. We propose a coevolutionary algorithm to resolve these 
problems automatically during evolution. We discuss applications of this ap­
proach and measure its impact in symbolic regression. Results show coevolution 
yields significant improvement in performance over other algorithms and dif­
ferent fitness modeling approaches. Finally we apply coevolution to interactive 
evolution of pen stroke drawings where no true fitness function is known. These 
results demonstrate coevolution's ability to infer a fitness landscape of a user's 
preference while minimizing user interaction. 

Keywords: Coevolution, fitness modeling, symbolic regression 

1. Introduction 
Fitness modeling is the technique of replacing the fitness evaluation in evo­

lutionary algorithms with an approximate calculation. A fitness model is often 
used to reduce the computational cost of evolution e.g. (Jin et al., 2001; Luke 
and Wiegand, 2002) where the exact fitness must be measured by an expensive 
physical simulation or experimentation. Fitness modeling has other advantages: 
The approximation can smooth rugged fitness landscapes, map discrete fitness 
values to continuous values, and diversify populations through ambiguity. 

Recent work in fitness modeling has focused on approximation methods, 
model incorporation, and the management/control of model evaluation (Jin, 
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2005). This research has made significant strides in accelerating evolution and 
applying evolutionary computation to domains that were formerly infeasible. 

There are three fundamental difficulties that remain to be addressed when 
utilizing fitness modeling: 

1 Model Training: Often great computational effort is required ahead of 
time to train the desired fitness model. 

2 Level of approximation: It is often unclear what (possibly adaptive) 
level of approximation to use for efficiency while still maintaining evo­
lutionary progress. 

3 Convergence to optima: Due to different levels of approximation, the 
global maximum of the fitness model may not correspond to the global 
maximum of the exact fitness. 

The goal of this paper is to address these issues through coevolution. In the 
general framework, there are three populations: (1) solutions to the original 
problem, (2) fitness models of the problem, and (3) trainers, used to improve 
the models. Solutions are evolved to maximize their modeled fitness using a 
model from the model population. Fitness models are evolved to minimize 
predicted fitness error of select individuals from of the solution population. 
Both populations start with random solutions and random fitness models which 
evolve in parallel, using trainers. 

We introduce a coevolutionary algorithm based on this general framework 
and discuss its application in example domains. We then apply it to a benchmark 
problem in genetic programming, symbolic regression, to measure its impact. 
We compare performance with three other symbolic regression fitness model 
algorithms on various problem difficulties. We duplicate experiments in recent 
symbolic regression publications and compare results. Finally, we apply coevo­
lution of fitness models to human interactive evolution of pen-stroke drawings 
where no fitness function exists to show how models can be coevolved to infer 
a fitness landscape. 

2. Preliminaries 

Coevolution 
Coevolution holds the potential of perpetually refining solutions without the 

need to manually restate the problem. As one individual improves, newer 
fitness objectives are imposed on another, and vice versa. Ideally, the separate 
individuals or populations continually encourage each other to improve. In 
general, coevolution occurs when the fitness of an individual is defined by 
another individual. More formally, in a coevolutionary process, one individual 
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can determine the relative ranking between two other individuals (in the same 
or in a separate population) (Hillis, 1992; Ong et al , 2003). 

Much research has been done on the use and application of coevolution to 
enhance problem solving (Jong and Pollack, 2004; Ficici, 2004; Ficici and 
Pollack, 2001; Potter and De Jong, 2000; Rosin and Belew, 1996; Stanley and 
Miikkulainen, 2004; Zykov et al., 2005), with the main goal of controlling 
coevolutionary dynamics that often result in lack of progress or progress in 
unanticipated directions (Cliff and Miller, 1995; Luke and Wiegand, 2002; 
Watson and Pollack, 2001). Here we use a specific form of coevolution which 
addresses many of these challenges (Bongard and Lipson, 2004; Bongard and 
Lipson, 2005). 

Fitness Modeling 
Fitness modeling has become an active area in evolutionary computation 

with many varying approaches and results (Jin, 2005). Here we discuss the 
motivations, methods, and challenges tied to fitness modeling. 

Methods 
The technique of fitness modeling falls most naturally in the field of ma­

chine learning. Depending on the structure of solution encodings, many differ­
ent machine learning approaches such as neural nets, support vector machines, 
decision trees, Bayesian networks, k-nearest-neighbor, and polynomial regres­
sion can be learned to map individuals to approximate fitnesses very efficiently. 
Modem approaches utilize boosting, bagging, and ensembles learning to pro­
duce very accurate models. A major drawback however is it is often unclear 
which machine learning approach will work best (Jin, 2005). 

Sub-sampling of training data is also a very common way to reduce the cost 
of fitness evaluation (Albert and Goldberg, 2002). In many problems, fitness is 
calculated by evaluating individuals on random training cases and combining the 
total error. With a sub-sample, only a fraction of the training data is evaluated. 

Evolutionary specific fitness modeling methods include fitness inheritance 
and fitness imitation. In fitness inheritance (Chen et al., 2002), fitness values are 
transferred from parents to child during crossover (similar to parent passing on a 
legacy or education). In fitness imitation (Jin and Sendhoff, 2004), individuals 
are clustered into groups based on a distance metric. The fitness of the central 
individual of each cluster is then evaluated in full and assigned to all individuals 
in that cluster. 

Once a fitness model has been learned, there are many ways to incorporate it 
into evolution. It can be used simply to initialize the population, guide crossover 
and mutation, or replace (some) fitness evaluations (Jin, 2005). For this paper 
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however, we focus only on replacing actual fitness evaluations with the fitness 
model. 

Challenges 
The use of an approximate fitness model comes at a cost and potentially 

unacceptable consequences. 
Training the model: Fitness models like neural nets, SVMs, and Gaussian 

processes require significant overhead to train. When advanced methods like 
bagging, boosting, and ensemble methods are used, this investment becomes 
significantly larger. In addition, a significant amount of exact fitnesses must be 
calculated for training and validation data to effectively learn any type of model 
ahead of time. 

By using coevolution, we can learn these models in parallel with the problem 
solutions. As seen in (Yang and Flockton, 1995), early stages of evolution only 
require coarse fitness models. As the solution population progresses, so do the 
fitness models. In this fashion, coevolution encompasses automatic coarseness 
adjustment without the need to train several different approximations before 
hand. 

Level of approximation: How powerful must the fitness model be to facil­
itate progress throughout evolution? If a single fitness model is used, it likely 
must be very complex in order to model all possible solutions in the fitness 
landscape. 

When fitness models are coevolved, the models can be optimized for only the 
individuals in the current population. The models do not need to encapsulate 
the entire landscape, only a subset, so the method chosen can be significantly 
less complex. 

Convergence to optima: Often the global maximum of the fitness model 
is not the same as that of the exact fitness function. In this case, the model 
was either too coarse or the training data given was insufficient to identify the 
true maxima. The consequence is convergence to local maxima and suboptimal 
solutions. 

By using coevolution, we can intelligently select individuals for training 
data (active learning). As the solution population evolves, training data for the 
fitness models can focus heavily on recent solutions which have high predicted 
fitness. Therefore, optimizing fitness models to the current population can also 
optimize the models to promising areas of the fitness landscape refining true 
fitness maxima. 

Symbolic Regression 
Symbolic Regression (SR) is the challenging problem of identifying the exact 

mathematical description of a hidden system from experimental data (Augusto 
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and Barbosa, 2000; Duffy and Engle-Wamick, 2002). Unlike polynomial re­
gression or machine learning methods which minimize error, SR is a system 
identification method. SR typically has strong advantages in resisting over-
fitting, extrapolating future points, and providing descriptive models at the cost 
of greater complexity. 

For experiments in this paper, we represent functional expressions as a binary 
tree of primitive operations (Duffy and Engle-Wamick, 2002; Ferreira, 2003; 
Keijzer, 2003; Soule and Heckendom, 2001). The operations can be unary 
operations such as abs, exp, and log, or binary operations such as add, mult, and 
div. If some a priori knowledge of the problem is known, the types of operations 
available can be chosen ahead of time (Augusto and Barbosa, 2000; Dolin et al., 
2002; Duffy and Engle-Wamick, 2002; Eggermont and van Hemert, 2001; Hoai 
et al., 2002; Koza, 1992). The terminal values available consist of the function's 
input variables and the function's evolved constant values (Ferreira, 2003). 

The fitness objective of a SR solution is to minimize error on the training set 
(Augusto and Barbosa, 2000; Koza, 1992). There are many ways to measure 
the error such as squared error, absolute error, log error, etc. Though the choice 
is not critical to the optimal solution, different metrics work better on different 
problems. For experiments in this paper, we simply use the mean absolute error 
for fitness measurement. 

We generate training data by randomly sampling from the hidden function. 
The training set is used for fitness evaluation and convergence testing. A large 
randomly sampled test set is held out for final solution performance evaluation. 

3. Coevolved Fitness Models 
In this section we give a simple framework before presenting our implemen­

tation. A conventional evolutionary algorithm can be viewed as an optimization 
function with objective: 

5* = arg max fitness{s) seS (8.1) 

where seS is an individual solution to the problem 3x\dfitness(s) is the exact 
computed fitness of solution s. Here we are interested in replacing all fitness 
evaluations with a fitness model. In this instance, the objective becomes: 

5* = arg max m(s) seS (8.2) 

where m^sM is the fitness model used. For coevolution, both solutions and 
models are being evolved. There are thus two objectives: 

si = arg max mt{s) ssS (8.3) 

ml = arg min\fitness{St) — m.{St)\ msM (8.4) 
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where the t subscripts denote time dependence. The solution population evolves 
to maximize the fitness of the current fitness model. The fitness model popu­
lation evolves minimize the difference between exact and modeled fitnesses of 
the current population. 

Algorithm 

Overview 
The algorithm presented in this paper evolves two populations simultane­

ously: the individuals and their fitness models. This section outlines the basics 
needed to implement this coevolutionary approach. A high-level algorithm 
overview is given in Figure 8-1. 

At the start, both solutions and fitness models are randomly initialized. The 
algorithm then chooses an individual from the solution population to measure 
its exact fitness for use in training the fitness models (more on this in next 
section). The algorithm then evolves the solution population using the most 
fit fitness model of the model population, and evolves the models using the 
known exact fitnesses. Finally, the highest modeled fitness individual is tested 
for convergence, and the algorithm completes if successful. 

Evaluating an Exact Fitnesses 
The objective of this step is to select an individual from the solution popula­

tion that will improve the fitness models' ability to model the current solutions 
the most. Therefore, we want to choose the individual with the least certainty 
in modeled fitness. To do this efficiently, we select the individual that has the 
highest variance in modeled fitness among models in the model population such 
as done in (Bongard and Lipson, 2004). 

A key goal of the fitness models is to optimize to the current population. 
In many model types, it is often beneficial to "forget" past solution fitness 
information to do this. For our SR experiments, we discard the exact fitness 
calculations that are older than 1000 generations. 

Evolving the Populations 
In the framework, we evolve both populations until a new exact fitness cal­

culation can be done. Alternatively, the populations could be evolved until they 
plateau. For our experiments however, we simply evolve at regular intervals of 
100 generations. 

Although the two populations can be evolved in parallel, we manage the 
effort spent in each for performance measurement. To do this, we throttle back 
evolution on either population based on the total number of training example 
evaluations to maintain some ratio. Figure 8-2 (left) and 8-2 (right) show the 
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Figure 8-1. The high-level overview of the coevolution of solutions and fitness models algorithm 

impact this ratio has on performance on the function /2(a;) experimented on 
later in the paper. 

The choice of the ratio is surprisingly tolerant as seen in Figure 8-2 (left). 
Ratios in the range 5% to 30% of effort spent training the fitness model pop­
ulation all yield approximately optimal convergence time. If extremely little 
effort is given to fitness models, performance suffers greatly since the models 
never adapt. 

If an extremely high amount of effort is spent the fitness model population 
plateaus and makes no further improvement even with the extra effort. The 
ratio also has a generally weak impact on the number of generations before 
convergence as seen in Figure 8-2 (right). Over-training the fitness models 
does not reduce the number of generations required to find the hidden function. 
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Figure 8-2. Left: The expected number of point evaluations before convergence versus the effort 
(percent of point evaluations) while training the fitness models. Right: The expected number 
of generations before convergence versus the effort (percent of point evaluations) while training 
the fitness models 
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Note that in practice, the ratio is not vital to the algorithm's performance. 
Each population could be evolved in parallel provided appropriate hardware. 
For experimentation however, we want to show that not only can we parallel 
out some computation, but that overall effort as well can be reduced through 
coevolution. In our SR experiments, we use 5% which is near the minimum 
while still enhancing performance. 

Convergence Test 
The convergence test determines when the algorithm terminates based on the 

solution with the highest modeled fitness. For symbolic regression, we define 
convergence as having near zero error on the training set (less than epsilon). 
If the solution has not converged, a new exact fitness is calculated and the 
algorithm continues. The final performance test however measures the fitness 
using a held out test set. 

4. Training Data Sample Fitness Model 
In our SR experimentation, we use a general fitness model which is simply 

a small subset of the training data. So the total error is measured by evaluating 
functions on only a few training examples. First we examine the importance of 
the number of samples in the training subset fitness model. 

5.Ef07 50000 

O.EfOO 
2 4 8 16 32 64 
Fitness model size (# of 

samples) 

40000 

30000 

c 20000 

10000 

2 4 8 16 32 64 
Fitness nrodel size (# of 

samples) 

Figure 8-3. Left: The expected point evaluations before convergence versus the number of 
samples in the fitness model. Error bars show the standard deviation. Right: The expected 
generations before convergence versus the number of samples in the fitness model. Error bars 
show the standard deviation. 

The sample size choice is fairly tolerant in as seen in Figure 8-3 (left). Sample 
sizes of four through eight have very similar performance. Even when using 
only two samples in the subset performance is acceptable. 

When the fitness model only has two samples, fitness evaluations are ex­
tremely light-weight but the evolution requires many more generations as evi-
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dent in Figure 8-3 (right). The larger subsets are sufficiently large for accurate 
modeling and do not reduce the number of generations greatly. 

In our SR experiments, we use an 8-sample subset for all experiments. Al­
though it may not be the optimal choice for all target functions, these results 
suggest it will not have a dramatic impact on final performance unless the target 
function is extremely simple or extremely complex. 

5. Experiments in Symbolic Regression 
Here we use symbolic regression (SR) as an example genetic program­

ming problem for experimentation. For each run, all parameters are held 
constant. We use a solution population size of 128, a fitness model popula­
tion size of 8. For both populations we use deterministic crowding selection, 
0.1 mutation probability, and 0.5 crossover probability. The operator set is 
4-, —*, /, exp^ log^ sin^ cos and the terminal set consists of the input variable 
and one evolved constant. 

Fitness Model Experiments 
We compare four fitness model algorithms in symbolic regression (SR). All 

fitness models are 8-sample subsets of the training set except for the exact fitness 
algorithm which evaluates fitness on the full training set. The differences in 
these algorithms are summarized in Table 8-1. 

Table 8-1. Summary of the Compared Algorithms 
Fitness model 
Coevolved Fitness Model 
Static Fitness Model 
Dynamic Fitness Model 
Exact Fitness 

Sample Size 
8 
8 
8 

200 

Sample Selection 
Evolved Subset 

Random subset chosen at runtime 
Changing random subset 

Use all training data 
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Figure 8-4. The training data of the three target functions experimented on. 

We test on three different target functions of varying difficulty shown in 
Figure 8-4. Each test is repeated 50 times, and the average fitness for each 
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Figure 8-5. The test set fitness during evolution for target function / i (x). Results are averaged 
over 50 test runs. Error bars show the standard error. 
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Figure 8-6. The test set fitness during evolution for target function /2 {x). Results are averaged 
over 50 test runs. Error bars show the standard error. 
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Figure 8-7. The test set fitness during evolution for target function fs (x). Results are averaged 
over 50 test runs. Error bars show the standard error. 

run is recorded over time. The training and test data are generated by random 
sampling each target function uniformly. 
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The performances on these three functions for each algorithm are shown 
versus the number of point evaluations in Figures 8-5 - 8-7. 

In these experiments, we see the coevolution algorithm converges first and 
maintains higher fitness throughout evolution. On the simple function fi{x) 
the difference in performance is small. On the non-linear functions f2{x) and 
/a(a;), the difference is more pronounced. 

The fitness curves of the coevolution and exact fitness algorithms are very 
similar in shape. The exact fitness algorithm is delayed and elongated by extra 
point evaluations but endures similar average evolutionary paths. 

The static and dynamic random training subset fitness model algorithms are 
less predictable in performance as is shown by their higher standard errors 
and ranks on the differing functions. The static model algorithm appears to 
suffer if the sample is not very informative by chance or if the target function is 
too complex to adequately represent with eight samples. The dynamic model 
appears to perform well on finding simple features but poorly on detail and 
high-frequency terms. 

Comparison to Previously Published Methods 
In this section, we compare the coevolution algorithm with four recentiy pub­

lished symbolic regression techniques: Stepwise Adaptive Weights (SAW), 
Grammar Guided Genetic Programming (GGGP), Tree-Adjunct Grammar 
Guided Genetic Programming (TAG3P), and Coevoltuion with Tractable Shared 
Fitness (Dolin et al., 2002; Eggermont and van Hemert, 2001; Hoai et al., 2002). 
Where possible, we compare with their best reported results and match perfor­
mance metrics as closely as possible. 

We compare performance based on point evaluations. The coevolution al­
gorithm is stopped based on the number of function evaluations the compared 
algorithm made during each experiment. Since each compared algorithm dif­
fers in fitness calculation, we assume that each individual's fitness is measured 
by evaluating it on the training set each generation. Likewise, we force the 
coevolution algorithm to calculate fitness for every individual every generation 
also, even though different selection algorithms do not require it. 

Many of these experiments are on simple functions but are stopped at a very 
low number of point evaluations. So, finding the target function quickly is the 
highest priority. The cosine identity and the Gaussian function experiments are 
noticeably more challenging to regress. 

Significant improvements in Table 8-2 are shown in bold text. The coevolu­
tion algorithm has significantly higher convergence than the PS AW and GGGP 
algorithms. The TAG3P algorithm performs significantly higher in the polyno­
mial functions. Coevolution makes a large improvement in convergence in the 
cosine double angle identity experiment however. 
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Table 8-2. Research Comparison Summary 
Algorithm 

PSAW 

GGGP 

TAG3P 

1 Coevolved 
1 Tractable 

Target 
Function 
F{x) = x^ -2x^ -\-x 
f(x)=x^-2x''^x'' 
P2, P3, P4, P5* 
f{x) — cos(2a;)** 
P2, P3, P4, P5* 

f{x) = cos (2a;)** 
Gaussian 

Metric 

Convergence^ 
Convergence^ 
Convergence^^ 
Convergence^^ 
Convergence^^ 

Convergence^^ 
Evaluations^^^ 

Results 

85.9% 
81.8% 
92%, 64% 
20% 
100%, 100%, 
96%, 84% 
36% 
3.384e7 

Coevolved 1 
Models 1 
93.9% 
86.9% 
100%, 86% 
76% 
100%, 86% 
62%, 52% 
76% 
2.107e7 

* P2, P3, etc. refer to polynomials {x -\-x +x,x -^x -\-x +x,x'^ + x + 
** The operator set does not include the cos function, a trigonometric identity 
fThe percent of successful convergences from 100 test runs 
tfThe percent of successful convergences from 50 test runs 
ft fThe maximum number of evaluations before convergence for 100 test runs 

X +x -\-X,etc. 
must be found 

Individual 1 

Individual 2 

Better-than 
Worse-than 

Figure 8-8. The neural network comparator fitness model. 

Evolving Pen Stroke Drawings 
In this experiment we evolve drawings produced by a series of closed pen 

strokes. Each individual encodes each coordinate drawn to on a 32 by 32 
pixel image. Drawings are composed of six pen strokes. Here we evaluate 
the algorithm's ability to identify a preference for star-shaped drawings. We 
compare results with random search and local search techniques. 

Random Search Comparison 
We split the drawing space into six regions to approximate the number of 

possible star drawings. Note that a five point star is uniquely determined by 
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three of its vertices. The probabihty,P5tar. and expected time to encounter a 
random star shape, Tstar^ is calculated: 

star 0.128 (8.5) 
3888 

and 
.-. E{Tstar) « 777.6 (8.6) 

Perfect Local Search Comparison 
In the local search algorithm, the user is given a random individual and 

asked to fine tune parameters individually. The variation we compare with can 
be thought of as a perfect local search where the user is assumed to make optimal 
choices to transform the drawing into a star. The optimal expected number of 
prompts required is lower-bounded by: 

< Steps > = - * ̂ X + 1^82-x2| « 9 (8.7) 

Empirical Results 
Figure 8-9 shows the median run out of ten to evolve an approximate star 

shaped drawing. The user has a consistent strategy when answering comparison 
prompts to prefer shapes with multiple sharp comers such as a star shape has. 
The user's preferred response for each comparison is shown in bold. 

A well formed star is evolved as the top modeled shape after five user prompts. 
No prior prompts required a star shape. The next three prompts are given to 
show the fitness model is stable and continues to favor the consistent star-like 
shapes. Figure 8-10 compares the expected user prompts required by each 
algorithm. 

Inferring the Fitness Landscape 
In this experiment visualize the fitness landscape leamed by the fitness mod­

els. We evolve single pen-stroke drawings appear as a clock hour hand. The 
user is then asked to prefer two times where the hand points to either 3:00 or 
7:00. The target solution therefore has two optimal solutions. 

To visualize the fitness landscape in this experiment we sum the comparisons 
between all possible drawings. Figure 8-11 shows four fitness landscapes of 
the fitness models over six user prompts. At zero prompts, the fitness landscape 
is flat but becomes more distinct with user responses. 

The fitnesses on the xz-plan resemble an arch which peaks at approximately 
the target 3:00 position. The yz-plane fitnesses exhibit the same behavior for 
the 7:00 position. This final resulting landscape is a surprisingly friendly terrain 
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Figure 8-9. The user prompts and the resulting top three drawings evolved. User choices are 
shown in bold. 

for the evolutionary search. Very gradual gradients exist near the target clock 
hand locations that should be easily descended. 

6. Conclusion 
We have addressed three fundamental challenges faced when using fitness 

models in evolutionary algorithms: (1) the model training investment, (2) 
choosing a level of approximation, and (3) lack of convergence to global max­
ima. 

We have introduced a coevolutionary approach where fitness models are 
evolved in parallel with original problem solutions. In this framework, the 
fitness models do not require prior training investment, can optimize to the 
current population, and can actively select the most informative solutions to 
evaluate in full for model training. 
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Figure 8-1L The clock time fitness landscapes learned over six user prompts. 

We applied this approach in symbolic regression to measure its impact. Re­
sults show a significant improvement in both fitness and convergence rates over 
other fitness model and exact fitness algorithms. In the research comparison, 
the coevolution algorithm significantly outperforms PSAW, GGGP, and coe-
volved tractable fitness. The coevolution algorithm is outperformed by TAG3P 
on polynomial functions but makes a large improvement in the more difficult 
problem of deriving a trigonometric identity. 

Finally, we applied the coevolution of fitness models to human interactive 
evolution where no fitness function is defined. Results show the fitness models 
are able to infer the user preference in pen-stroke drawings through very limited 
user feedback. Fitness models converged on trends in the user responses to 
identify the target drawing which was never explicitly presented to the user. 
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