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ABSTRACT

A key to the success of any genetic programming process is the
use of a good alphabet of atomic building blocks from which
solutions can be evolved efficiently. An alphabet that is too
granular may generate an unnecessarily large search space; an
inappropriately coarse grained alphabet may bias or prevent
finding optimal solutions. Here we introduce a method that
automatically identifies a small alphabet for a problem domain.
We process solutions on the complexity-optimality Pareto front of
a number of sample systems and identify terms that appear
significantly more frequently than merited by their size. These
terms are then used as basic building blocks to solve new
problems in the same problem domain. We demonstrate this
process on symbolic regression for a variety of physics problems.
The method discovers key terms relating to concepts such as
energy and momentum. A significant performance enhancement is
demonstrated when these terms are then used as basic building
blocks on new physics problems. We suggest that identifying a
problem-specific alphabet is key to scaling evolutionary methods
to higher complexity systems.

Categories and Subject Descriptors
1.2.6 [Symbolic and Algebraic Manipulation]: Learning —
Knowledge acquisition

General Terms
Algorithms
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1. INTRODUCTION

Critical to the success of any genetic programming system is the
use of a good alphabet of atomic building blocks from which
solutions can be evolved efficiently. Typically, GP practitioners
will choose generic building blocks based on prior domain
knowledge, but this choice may have profound performance
implications. An alphabet that is too granular may generate an
unnecessarily large search space, while an inappropriately coarse
grained alphabet may bias or even prevent finding optimal
solutions. Here we investigate a method that identifies an alphabet
appropriate for a specific problem domain automatically.
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As an example, consider the problem of evolving mathematical
expressions that model data collected from an experimental
system. If the system is mechanical, its expressions are likely to
contain various combinations of trigonometric terms or kinetic
energy terms. If the system is biological, then trigonometric terms
are unlikely to appear at all; instead, reaction rates and chemical
gradient terms such as Hill functions are likely to appear. The
availability of appropriate building blocks greatly simplifies both
the search space for mathematical models of more complex
systems, as well as our conceptual understanding of the results
[1]. A large portion of scientific inquiry has been devoted to
unraveling these building blocks by hand. Here, we propose a
computational method to explore and learn the language and rules
of a problem domain automatically.

Any mathematical equation, or mathematical model, can be
decomposed into various combinations of simpler building blocks,
such as monomials or trigonometric terms. All of these building
blocks are candidates for a common mathematical alphabet of
other related systems. Therefore, to build a domain alphabet
automatically, we must be able to both generate physically
meaningful mathematical models, and be able to identify the
nontrivial building blocks from these models.

We use symbolic regression and Pareto analysis to find physically
meaningful mathematical models from experimental data. We are
interested in finding the most accurate equation at different
equation complexities; for example, finding the most accurate
model that uses no more than six mathematical operations. These
equations are special in the sense that they are both accurate and
parsimonious [2] — often consisting of different approximations or
elaborations of the physical description of the system.

We break down the models found on the symbolic regression
Pareto front into individual terms and building blocks to form a
list of candidates for a domain alphabet. The building blocks are
extracted by iterating through all sub-trees (sub-expressions) of
the equations. Many of these building blocks may not be useful
for other systems, such as terms that are overfit to the data or
numerical coincidences. Therefore, we need a way to discriminate
among the various building blocks.

In order to determine which building blocks generalize to other
systems in a scientific domain, we need to compare models in two
or more systems (Fig. 1a). We repeat the automated modeling and
Pareto analysis to generate candidate building block lists for
multiple systems (Fig 1b). Finally, we calculate the frequencies
that each building block is used in a different system. By
considering the frequency and the complexity of a building block
itself, we distill the nontrivial building blocks that are the most
ubiquitous to return the alphabet of the domain (Fig. 1c).
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Figure 1. We distill the common mathematical language needed to describe a group of systems using symbolic regression and
analysis of their model accuracy/complexity Pareto fronts. We generate experimental data from several related systems such as
spring and mass mechanical systems (left). We then use symbolic regression to find several accurate models at varying complexity
of equations (middle). Finally, we discompose models on these fronts to individual terms and building blocks. The most frequenly
used terms and building blocks form an emergent alphabet for describing models of this group of systems (right).

In the remaining sections, we describe the background
information in building blocks, accuracy/complexity Pareto
analysis, and symbolic regression, followed by a detailed
description of our method, experiments, and results.

2. BACKGROUND
2.1 Genetic Building Blocks

Building blocks [3, 4] are simple expressions which comprise a
more complicated solution. While building blocks are most
commonly associated with genetic algorithms, they can also refer
to sub-trees in genetic programs [5, 6]. For example in symbolic
regression (see Section 2.4), the lowest level building blocks are
typically algebraic operations such as add, subtract, multiply, and
divide. However, we can also define higher order building blocks
such as squaring and multiplying with a constant.

We think of a solution, or equation, as being composed of various
types of building blocks [7]. For example, if we think of an
equation as a binary parse tree of mathematical operations (Fig.
2), the set of building blocks for that particular equation contains
all sub-trees (sub-expressions) of the tree [5].

Knowing the building blocks for a particular problem simplifies
human conceptual understanding of the problem (and related
problems) by giving higher order meanings and interpretations of
the system’s mechanics, morphology, or physics. For example,
rather than working with cosine operations and a set of variables,
a cosine of an angle building block could allow us to work instead
with a more meaningful concept, such as the vertical position of a
swinging pendulum.

Knowing the basic building blocks of a system ahead of time also
greatly simplifies searching for or building a mathematical model
to explain its behavior and experimental data — such as done in
symbolic regression. Rather than having to re-derive common
terms from scratch, over and over again for each model, the
algorithm could benefit from the coarser search of assembling
higher order building blocks. There are an infinite number of
potential building blocks however.

2.2 Domain Alphabet

While there are an infinite number of possible building blocks for
any system, we define a domain alphabet as the set of building
blocks specific to a particular problem, domain, or class of
systems that generalize to many similar systems. Domain alphabet
building blocks are typically physically meaningful, and are
useful for building new models.

Determining the most useful building blocks can be considered to
fall under the “credit assignment” problem in machine learning.
The credit assignment problem is the task of deciding how to
score or weight the importance of individual components of a
model when only given entire systems [8]. For example, what is
the importance of the gears of a bicycle for riding quickly? This
clearly depends on the other components of bicycle, such as the
gear ratio, the wheels, etc.

The major challenge to detecting a meaningful or useful building
block is that the building block may arise by chance due to
overfitting the data, or the building block may simply be a
numerical coincidence. For example, consider the following
equations for two different systems:
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Figure 2. Example equation (a), its binary parse tree (b), and all possible building blocks of the equation (c). Building blocks are
small models of internal components of a system that simplify building a full mathematical model.

f=xcos(x—1.01)+2x°
g =x"cos(x — 1.02) — sin(x) + x

We would like to be able to identify a term such as x* cos(x — 1)
as a building block given only f, g, and x values over time (we
don’t know the equations in advance) — while rejecting others that
are less commonly generated during modeling. The more systems
we look at, the less and less likely such a complex building block
we be rediscovered repeatedly by chance during evolution.
Therefore, finding large repeated building blocks is a strong
indication the building block is a nontrival building block useful
throughout the problem domain.

With such information on useful physical terms, the algorithm
could reuse them for analyzing future systems, bootstrapping its
knowledge into higher complexity systems. Rather than needing
to rediscover common features repeatedly, the algorithm can
simplify the problem to the assembly of solutions within the
domain alphabet.

2.3 Pareto Front

When generating potential building blocks, we consider the
Pareto front [9, 10] produced by symbolic regression which
represents the tradeoff between a model’s complexity and its
maximum predictive ability for the experimental data. Parsimony
is measured as the inverse of number of terms in the expression,
while the predictive accuracy is measured as error on unseen data.

For any finite set of experimental data, there is potentially an
infinite set of equations that maximize any type of error metric.
For example, a high order polynomial equation can perfectly fit
any dataset with fewer unique data points than the order of the
polynomial. Therefore, it is important to have some qualitative
understanding of what the domain of equations looks like.

If we consider the relationship between equation complexity and
accuracy of fitting the experimental data, there are there two
qualitative extremes: extremely complex equations (eg. Taylor
series, neural networks, and Fourier series) with near perfect

accuracy and simple, single-parameter models with baseline
accuracy. The equations in-between these two extremes are the
most challenging to find and identify, and their behavior is more
interesting [2].

At certain minimum complexities, the predictive ability tends to
jump dramatically and then plateau. In other words, there is often
a relatively simple model or equation that captures some intrinsic
relationships of the system (but perhaps not perfectly). By
parsimony arguments, we can reason simpler equations to likely
be approximations and more complex equations to be more
precise refinements and elaborations of the exact model or overfit
solutions to the data.

Though we can’t know with certainty what the exact physical
model is, it is likely to exist at least partially on this Pareto front.
Therefore, when detecting what building blocks may form a
general physical alphabet, we consider all building blocks on the
Pareto front as candidates for inclusion in the alphabet.

2.4 Symbolic Regression

Symbolic regression [11] is a type of genetic program for
searching the space of expressions computationally by minimizing
various error metrics. Both the parameters and the form of the
equation are subject to search. In symbolic regression, many
initially random symbolic equations compete to model
experimental data in the most parsimonious way. It forms new
equations by recombining previous equations and probabilistically
varying their sub-expressions. The algorithm retains equations
that model the experimental data well while abandoning
unpromising solutions. After an equation reaches a desired level
of accuracy, the algorithm terminates, returning its most
parsimonious equation that is most likely to correspond to the
intrinsic mechanisms of the observed system.

In symbolic regression, the genotype or encoding represents
symbolic expressions in computer memory. Often, the genotype is
a binary tree of algebraic operations with numerical constants and
symbolic variables at its leaves [12, 13]. Other encodings include
acyclic graphs [14] and tree-adjunct grammars [15]. The fitness of
a particular genotype (a candidate equation) is a numerical



measure of how well it fits the data, such as the equation’s
correlation or squared-error with respect to the experimental data.

A point mutation can randomly change the type of the floating-
point operation (for example, flipping an add operation to a
multiply or an add to an system variable), or randomly change the
parameter constant associated with that operation (if it is used).
The crossover operation recombines two existing equations to
form a new equation. To perform crossover, we select a random
location in the genotype, and copy all operation and parameter
values to the left of this point from the first parent and remaining
operations and parameters to the right from the second parent.

3. OUR APPROACH

Our goal is to identify the primary mathematical building blocks
of a particular problem or domain of systems, thereby building a
domain alphabet automatically from experimentally collected
data. Our primary challenge is distilling the nontrivial building
blocks that generalize to other physical systems for inclusion in
the domain alphabet.

Our method has three main steps: (1) finding several
mathematical models for two or more related systems, (2)
decomposing these models into their constituent building blocks,
and (3) identifying the most useful and meaningful building
blocks for inclusion in the domain alphabet.

3.1 Modeling Groups of Systems

Our first task is to find several system models that define many
candidate building blocks. We collect data from several related
physical systems (Fig. la) by observing their behavior and
dynamics over time. The group of systems should represent
qualitatively different dynamics within the same problem domain.

Next, we employ a symbolic regression algorithm [16] to generate
several hypothesized mathematical models of each system for
varying model complexities.

The output of our symbolic regression algorithm is a small set of
equations that lie on the equation accuracy and equation
complexity Pareto front for each particular system (Fig. 1b). The
equations on this front are nontrivial in the sense that they
represent the maximum accuracy a model of a given size or
complexity can achieve to explain the system’s data. The
equations on the Pareto front are often different levels of
approximation or elaborations of the exact physical system

3.2 Extracting Building Blocks

Now that we have several equations modeling each system, we
decompose them into building blocks. For each equation found on
each system’s Pareto front, we iterate through every sub-tree (or
sub-expression) of the equation, adding the sub-tree to our list of
potential building blocks (Fig 2).

During this process, we abstract away the bulk constants found in
each equation and sub-expression to symbolic parameters. For
example, we would convert a sub-expression such as x +
1.427-cos(f) to ki'x + ky-cos(d). This allows us to later match
building blocks between different systems that may only vary by
their embedded coeftficients.

Additionally, we abstract away variable types based on their units.
For example, we consider variables of angles to be equivalent to
variables of lengths, but not equivalent to velocities. This allows

us later to match building blocks between systems with
differences in variable names.

3.3 Distilling the Domain Alphabet

We now have a long list of all building blocks found for each
system and must distill this list down to a domain alphabet. We
need to identify which are the nontrivial and meaningful building
blocks within this list.

If a particular building block exists repeatedly on the Pareto fronts
of other systems, it is a strong indication that it is a meaningful
building block for the domain alphabet. At the very least, the
building block is certainly useful for forming a parsimonious
model in more than one system. This observation forms the basis
for identifying the domain alphabet.

If a building block was simply a result of overfitting to the data, it
is unlikely to be repeated on the Pareto front of other systems or
different datasets because overfit solutions are very sensitive to
perturbations and noise in the data. Similarly, if the building block
is the result of a numerical coincidence for modeling a particular
dataset, it is unlikely that the same coincidence exists in other
systems and in their datasets.

Therefore, we can use the frequency that a building block is used
on the Pareto fronts as a principle for its generality and
importance for a domain of systems. To do this we iterate through
all building blocks and count their total occurrences on the Pareto
fronts of every other system, and number of times each building
block was matched by another.

We form the initial alphabet by rejecting all building blocks that
have zero frequency on the Pareto fronts of the other systems.

The second criterion we can use to gauge the importance of a
candidate building block is its complexity. Very complex building
blocks are much less likely to reoccur by chance or numerical
coincidence than simple building blocks. Therefore, we also
consider the complexity of the building block when adding it to
the domain alphabet.

After calculating the frequencies and complexities of all potential
building blocks we examine them graphically to verify the results.
We plot each building block as a point on a second type of Pareto
space: the building block frequency versus the building block
complexity. As we discovery later, the building blocks on this
chart that are both complex and frequently used comprise the
physically meaningful domain alphabet.

4. EXPERIMENTS

4.1 The Mechanical Systems

We explore the alphabet building approach using a few simple
mechanical systems: a harmonic oscillator, a simple pendulum,
and a 2D spring pendulum. These systems are known to have
well-defined mathematical models, allowing us to generate data
and verify our results. Schematic diagrams of these systems are
shown in Fig. 3

The harmonic oscillator (Fig. 3) is a simple conservative system
with one degree of freedom. The variables are the mass’s vertical
position over time and vertical velocity over time. The symbolic
regression algorithm identifies several equations modeling the
system’s kinetic and potential energy over time on the
accuracy/complexity Pareto front, including the system’s exact
Hamiltonian equation.



System Data Pareto Front of Models

ky x + ky x v =k X3P
6r ol o oo_g ki X Ty X2~ ky
L ]
= $ k, v? + sin(k, x)
at S .02/ ! 2
x &
2 i 041 #C08(x) + sin(cos(k v))
= >
= L ] kx +
2 06¢
0 )
=
5 0.8+
2L E kx+tv
a4 . . x+v
4 . . n ,
0 2 4 6 8 L | | )
Time [sec] -20 -15 -10 -5 0
Parsimony [-nodes]
?+ k cos(0)
ot . ° o w? cos(6)
5
E -0.2
I
I -0.4
% -0.6
g

Predictive Ability [-log-error]
=}
(o]

—0 [rad]
— o [rad/s] 14t

o 0 sin(cos(0))

| 0 2 4 6 8 10 i Cos(g)g fo

Time [sec] 1.6 . . °

-9 -8 -7 -6 -5 -4 -3 -2
Parsimony [-nodes]

kyx — ky V2 — ky X2+ ky x cos(0) — ks @ — kg x* ?

Op eeme o kx—ky 12— kyx? + ky x cOS(0) — ks X2 02
— -0.2
<
¢ -0.4 2 2 42 o2
> ki X2+ ky v2 + X% 02 — k3 x cos(0)
s) .
. -0.6F *
> o c0s(0)+k, x+v?>—k, cos(0) + ky x »?
= -0.8f oo
g os(0) — ky x + ky v + cos(—k; x @)
N
— o [rad] 8 4ol Se
10+ —x[m] B ’ ®eol+x-kov
— o [rad/s] o 1.4t
W —v[m/s] o 01 @x+cos(v)
! 15l ! . T ; 16l .
| 5 10 15 20 25 . . .
' Time [sec] -40 -30 -20 -10 0

Parsimony [-nodes]

Figure 3. Summary of the mechanical systems, the collected data of their dynamics, and the resulting models found using symbolic
regression on the equation accuracy and complexity Pareto front. Each system was simulated numerically. The symbolic regression
algorithm generates a small set of equations for each system. This set is a Pareto front, showing the most accurate equation found
for different sizes (complexities) of equations. These equations are used to distill a common mathematical alphabet of building
blocks for modeling mass, spring, and pendulum mechanical devices.



The simple pendulum (Fig. 3) is a similar system, but with
nonlinear trigonometric terms. The mass’s position is measured
by the pendulum’s angle, and the velocity is the pendulum’s
angular velocity. Symbolic regression identifies several equations
modeling the angular energies over time.

The third system is the more complex 2D spring pendulum (Fig.
3). Here, the system has two degrees of freedom, two positions,
and two velocities measured over time. The dynamics of this
systems are more complex, but still tractable with the symbolic
regression algorithm.

The Pareto front of these systems (shown in Fig. 3) summarizes
the equations that maximize parsimony and accuracy for modeling
the experimental data. The terms in these equations are in this
sense useful, and may comprise a common physical language.

We simulated these systems numerically by integrating their
differential equations. We save the position coordinates and the
velocities of each component of the system as the experimental
data for use in the symbolic regression algorithm (in Fig. 3).

4.2 Experimental Setup

We used the fitness prediction symbolic regression algorithm
described in [16-18] to search the space of symbolic equations.
We use the deterministic crowding selection method [19], with
1% mutation probability and 75% crossover probability. The
encoding is an operation list acyclic graph with a maximum of 64
operations/nodes [14]. Single-point crossover exchanges
operations in the operation list at a random split. The operation set
contains addition, subtraction, multiply, sine, and cosine
operations.

We limit the size of the equation to narrow our search to human-
interpretable equations (equations we could fit on a piece of
paper). We allowed a maximum of 64 nodes, each possibly

representing five types of mathematical operations, two to four
variables, or a parameter constant. Ignoring the infinite parameter
space, we are effectively searching a space of roughly 10>
parameterized genotypes.

We distributed the symbolic regression evolution over 20 quad
core computers (80 total cores) using the island distributed
computation method [20, 21]. The island model partitions the
population of solutions into separated smaller populations residing
on each computer (or core). We migrated solutions between
populations at regular intervals. Every 1,000 generations
(averaged over all populations), we randomly shuffle all equations
among random pairs of populations.

The fitness predictor population contains 1280 predictors,
distributed over 80 cores. The fitness predictor subset size is 128
indices to the full training data set. Predictors were evolved using
deterministic crowding, with 10% mutation and 50% crossover.

Our fitness calculation rewards equations for modeling the
systems kinetic and potential energies as described in [22] as
measured over the dataset. The predicted fitness values only
calculate over the smaller subset of a fitness predictor rather than
the entire data set.

5. RESULTS
5.1 A Mechanical Alphabet

After building the equation accuracy/complexity Pareto fronts for
each system using symbolic regression and decomposing the
building blocks for each equation in each system, we plot the
frequency of each building block versus its complexity (Fig. 4).

We can see that single variable terms are the most common
building blocks, as well as being the simplest possible building
blocks. Not shown in Fig. 4 are the numerous build blocks that
were only found within a single system having zero frequency.
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Moving to the next most frequent building blocks, we find cos(6)
and k£ x,. These are pendulum and spring potential energies
respectively.

Interestingly, the higher complexity building blocks in Fig. 4 are
the result of matches between inexact equations between the
different systems. For example, kjcos(d) + ky»* is an exact
building block for the simple pendulum system, but also an
approximate solution to the harmonic oscillator.

There are two building blocks in Fig. 4 which are not exact
building blocks for any of the systems, though they are potentially
useful approximate building blocks; namely, £ cos(v) and & sin(6).
The k cos(v) term approximates a kinetic energy and the & sin(6)
term approximates a single variable term. These terms are both
low complexity and low frequency however. This hints that these
are approximate building blocks and we could elect to reject them
after manual inspection.

This result suggests that the terms that are both frequently used
and complex tend to be more physically meaningful for inclusion
in the domain alphabet, such as trigonometric terms representing
potential energies or squared velocities representing Kinetic
energies.

5.2 Utilizing the Alphabet

One application of the domain alphabet is to simplify the search
for forming models of more complex systems. We demonstrate
this idea by using an alphabet formed from just the harmonic
oscillator and simple pendulum systems to find a model of the
more complex 2D spring pendulum system.

If we repeat the Pareto building block analysis, but now only with
the harmonic oscillator and simple pendulum building blocks we
obtain the building blocks shown in Fig. Sa.

10° ¢

S

©

= kx

@ ]

s kv .k cos(x)

g . 1

< 10 ¢

©

> © k2

c

©

=

o e k, cos(x) + k, v*

(I ki x+ kv ®
10-2 L L L L L L

0 1 2 3 4 5 6

Term Complexity [nodes]
(@)

Fitness [-error]

There are many ways we could utilize these building blocks in the
symbolic regression algorithm. We could introduce them as new
functions in the operator set. Alternatively, we could seed the
initial population using random combinations of these building
blocks.

We chose to introduce a mutation operator that could mutate a
sub-expression of an evolving equation to be a random building
block from Fig. 5a. The constant terms in each building block, &’s,
were set to normally distributed random constants at the mutation
event. This approach allows the building blocks to be consistently
introduced during evolution, but also adapted if necessary. In the
case that an alphabet building block is approximate, the evolution
can still benefit from using it early on, and adapt its structure later
to fit the exact system model.

There are likely much better methods for utilizing the alphabet
building blocks in symbolic regression as well as other types of
expert knowledge. For the scope of this paper, we want to show
the proof of concept using a simple modification to the program.

Fig. 5b compares the symbolic regression of the 2D spring
pendulum over time with and without the building block alphabet
obtained from the harmonic oscillator and simple pendulum. The
fitness is shown versus the number of function evaluations,
averaged over ten independent trials.

Using the alphabet substantially improves performance over time,
converging sooner onto the exact 2D spring pendulum model. The
time to convergence is four times faster using the alphabet
building blocks.

This result shows that an alphabet obtained from two simpler
systems can be used to accelerate the modeling of a more complex
system using symbolic regression.
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Figure 5. The impact of using a domain alphabet obtained from simple systems, the harmonic oscillator and simple pendulum, to
find the model of a more complex system, the 2D spring pendulum. The alphabet in (a) shows the common building blocks found
from the Pareto analysis of only the harmonic oscillator and simple pendulum systems. Allowing symbolic regression to use these
terms substantially accelerates the modeling of the more complex 2D spring pendulum system (b). Error bars show the first standard

error about the mean over ten independent trials.



6. CONCLUSIONS

Identifying a mathematical alphabet is a means to organize and
learn the rules and language of a particular scientific field or
domain. Alphabets are sets of mathematical building blocks that
represent common terms and calculations that pervade different
phenomena. Identifying these building blocks helps to generalize
our understanding of different systems, and potentially simply the
modeling of future complex systems.

We proposed an automated method to distill the mathematical
alphabet directly from experimental data using symbolic
regression. The method finds a set of equations for multiple
related systems on the accuracy/complexity Pareto front,
decomposes these equations into building blocks, and then
calculates the frequencies these building blocks occur on the
Pareto fronts of the other systems.

Our results suggested that building blocks that are both frequently
used and complex tend to be the most physically meaningful to
the class of systems; such as spring potentials and kinetic
energies. Other building blocks in the resulting alphabet were
potentially useful approximations common across multiple
systems, such as small angle approximations, but were the least
complex and least frequently used.

Finally, we used an alphabet obtained automatically from the
harmonic oscillator and simple pendulum systems to accelerate
the symbolic regression of the more complex 2D spring pendulum
system. The regression using the alphabet found the exact model
in one fourth of the computational effort compared to the
regression from scratch, suggesting an automated method for
scaling into higher and higher complexity systems.
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