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Abstract The data-driven modeling of dynamical systems is an important scien-

tific activity, and many studies have applied genetic programming (GP) to the task

of automatically constructing such models in the form of systems of ordinary dif-

ferential equations (ODEs). These previous studies assumed that data measurements

were available for all variables in the system, whereas in real-world settings, it is

typically the case that one or more variables are unmeasured or ‘‘hidden.’’ Here, we

investigate the prospect of automatically constructing ODE models of dynamical

systems from time series data with GP in the presence of hidden variables. Several

examples with both synthetic and physical systems demonstrate the unique chal-

lenges of this problem and the circumstances under which it is possible to reverse-

engineer both the form and parameters of ODE models with hidden variables.

Keywords Genetic programming � Ordinary differential equations �
Hidden variables � Modeling � Symbolic identification

1 Introduction

Models that organize, explain and predict empirical observations play a central role

in science. The form taken by a model is problem-specific and must be designed by

a human expert, usually at the expense of considerable time and effort. In contrast,
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the rate at which scientists are able to automatically generate empirical data is

expected to steadily increase for the foreseeable future, as is the complexity of

problems routinely studied in all fields [26, 75, 76]. As a result, there is a widening

gap between our ability to generate data and our ability to distill data into useful

scientific models. New computational methods will be necessary to close this gap by

assisting humans in the creation of scientific models [30, 44, 82].

Genetic programming (GP) and related machine learning techniques based on

evolutionary computation have been proposed as a means of automatically creating

models with minimal human effort and background knowledge [13, 46]. Traditional

modeling techniques such as nonlinear regression and Hidden Markov models

typically require the model to have a generic structure substantially specified in

advance by a domain expert. Other techniques such as neural networks and

autoregressive models are predictive of unseen data but can be difficult to interpret.

In contrast, GP places minimal constraints on model structure, requires little or no

domain knowledge, and is capable of automatically inferring parsimonious

explanatory models such as those that would ordinarily be hand-crafted from first

principles by a human expert [68]. Such models are particularly valuable as they

explicitly represent scientific knowledge and hypotheses as interpretable analytical

expressions [71].

GP has been successfully applied to many symbolic modeling problems,

including those involving data with measurements that vary over time [42, 54–56,

62, 68]. The models of these dynamical systems are in many cases most naturally

represented as a system of ordinary differential equations (ODEs). In fact, several

previous studies have used GP and closely related techniques to infer ODEs based

on experimental data and to garner insight into the dynamical systems under study

[6, 7, 11, 15, 18, 46]. Many authors have also combined GP for structural

optimization with local search algorithms for improved estimation of parameters in

the context of ODE model inference [4, 5, 23, 33, 34, 39, 40, 60, 66, 86].

It is often the case that dynamical systems encountered in the real-world can be

modeled with systems of differential equations in which one or more of the dynamic

variables are unmeasured or ‘‘hidden.’’ As an example, consider the ideal rocket

equations, which describe the basic Newtonian mechanics of rocket motion. When

written explicitly as a system of ordinary differential equations, these rocket

equations take the form:

dX
dt ¼ V
dV
dt ¼

mVe

M
dM
dt ¼ �m

8
<

:
ð1Þ

Here, X is the position of the rocket at time t, V is the velocity of the rocket at time t,
M is the mass of the rocket at time t, m is the (constant) rate at which mass is lost by

the rocket due to fuel expenditure, and Ve is the (constant) velocity of the mass lost

by the rocket. The position, and by extension, velocity of the rocket are easy to

measure by an outside observer, whereas the mass of the rocket cannot be measured

directly. However, it is essential to include the concept of mass for accurately and

parsimoniously describing the mechanics of rocket motion, and so the mass is a
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hidden variable. Hidden variables are often a component of models such as the

rocket equations that provide an explanation of the modeled phenomenon. This is

fundamentally different from a model such as an autoregressive polynomial that

would be merely descriptive of the observed data [22].

Hidden variables frequently arise in real-world settings in all fields of science,

usually when it is difficult or impossible to measure one or more of the system’s

dynamic variables. A classic example from biology is the set of ion channel gating

variables in the Hodgkin-Huxley ODE system describing action potentials [37].

Additional examples include the latent prey subpopulations in predator–prey

systems with rapid evolution [87], the concentration of several of the species in a

large chemical reaction network [25], and the components of a dynamical model of

DC motors [52].

A practical system that uses GP to automatically construct ODE models of real-

world dynamical systems must take into account the presence of hidden variables.

However, to date no previous study has addressed this issue, possibly because

hidden variables present several challenges to automated modeling that are not

present when all variables in the system are measured. Chief among these

challenges is the inherent difficulty of identifying unique ODE models containing

hidden variables that match given experimental observations. In the present work

we explore the possibility of obtaining meaningful models despite this and other

difficulties. Using examples from both synthetic and physical dynamical systems,

we show that under many circumstances, it is possible to automatically construct

both the form and parameters of ODE models with hidden variables using GP.

2 Related work

The inference of ODE models both with and without hidden variables has a long

history. Here we briefly review this work and contrast it with the GP-based approach

used in this paper. Although no single review article encompasses all work in this

area, comprehensive reviews covering much of the area include Sjöberg et al. [73],

Voss et al. [80], Aguirre and Letellier [3], and Hong et al. [38].

Much of the previous work in the inference of ODE models has been undertaken

in the field of linear and nonlinear system identification [9, 10, 50]. Similarly to

traditional regression, most system identification approaches to ODE inference

involve the optimization of parameter values to match observed data while

assuming the structure of the model is fixed in advance. These structures are

typically polynomials or Taylor series [27, 31]. More recent system identification

approaches often do not assume a fixed structure and instead use structure selection

techniques, although these are still restricted to combinations of generic basis

functions or do not involve ODEs [2, 38, 84].

Although work in the area of system identification frequently assumes that all

dynamic variables are measured, even if only in noise-corrupted form, a significant

body of work has also addressed dynamical systems with hidden variables. These

techniques, often categorized as belonging to the area of nonlinear dynamics and

chaos, are generally based on the observation that a complete phase space
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representation of a system with hidden variables can be reconstructed using only

one or a few observed variables [57, 77]. The reconstructed phase space is

qualitatively similar to that of the true unknown system and previous studies have

taken advantage of that fact to construct approximate models of systems with hidden

variables using ODEs [21] as well as other model formulations [12, 28]. The

trajectories of hidden variables obtained with phase space reconstruction techniques

are not equivalent to those that would be obtained by measuring them directly in an

experiment. As result, we do not use these trajectories as targets for GP in this work,

where the goal is to reverse-engineer the exact analytical model of a system.

However, it is possible that information obtained from the phase space reconstruc-

tion of a system could be incorporated into our approach here. For example, the

search for a hidden variable expression could be seeded with the results of symbolic

regression performed with the trajectories obtained from phase space reconstruction

as targets.

Another significant body of work on ODE inference can be broadly categorized

as knowledge-based, in contrast to the type of free-form modeling possible with GP.

While both approaches are essentially a search through the space of possible model

structures and parameter values, knowledge-based approaches use human-supplied

domain knowledge to constrain the search space [1, 19, 29, 47, 48, 78, 83]. An

example of this approach is inductive process modeling, in which differential

equation models for continuous time data are constructed using predefined algebraic

expressions and other constraints that represent expert domain knowledge [22, 49].

This and similar knowledge-based approaches have been successfully used to

construct accurate and interpretable ODE models, even when hidden variables are

present. However, a serious potential drawback of all knowledge-based approaches

is that substantial domain knowledge must be supplied in the form of predefined

model structures. For example, in a population dynamics modeling task, inductive

process modeling as described in Bridewell et al. [22] exhaustively enumerates all

possible combinations of one of a few different algebraic structures that each

correspond to known models of population growth and decline.

Knowledge-based modeling is a valid approach that has achieved notable success

in a variety of problem domains, yet it requires significant human involvement in

the modeling process to specify domain knowledge and supply constraints. In light

of the explosion of data in all scientific fields, our interest is in automated free-form

modeling approaches that require no human-supplied domain knowledge aside from

the specification of a set of algebraic primitives such as ?, -, sin, cos, etc. Both the

structure and parameters of the resulting model are constructed de novo from

the primitives. Free-form approaches, including the GP-based approach used in the

present work, rely on computationally-intensive stochastic searches through model

space, yet recent studies have successfully induced complex ODE models and other

natural laws without reliance on domain knowledge [18, 68].

GP and other free-form approaches have not been applied to the modeling of

systems with hidden variables in any prior work. The motivation of the work

presented here is to take the first steps toward combining GP’s freedom from

supplied domain knowledge with the capability to model ODEs with hidden
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variables. This combination could extend the power of machine learning to assist

scientists in the task of translating raw data into meaningful analytical models.

3 Methods

3.1 Problem statement

In the general case with no hidden variables, we consider dynamical systems

empirically described by n time series y1(t), y2(t), …, yn(t), where each time series

consists of m observations. The observed data Y from such a system can be written

as a n 9 m matrix:

Y ¼

y1ðt0Þ; y1ðt1Þ; . . .; y1ðtm�1Þ
y2ðt0Þ; y2ðt1Þ; . . .; y2ðtm�1Þ
..
.

ynðt0Þ; ynðt1Þ; . . .; ynðtm�1Þ

0

B
B
B
@

1

C
C
C
A

ð2Þ

where yi(tj), (i = 1, 2, …, n), (j = 0, 1, …, m - 1) is the observed value of vari-

able yi at time tj. The dynamical system can be modeled as a system of ODEs X with

the general form:

X ¼

dX1

dt ¼ f1ðt;X1;X2; . . .;XnÞ
dX2

dt ¼ f2ðt;X1;X2; . . .;XnÞ
..
.

dXn

dt ¼ fnðt;X1;X2; . . .;XnÞ

8
>>><

>>>:

ð3Þ

where Xi is the ith state variable and fi is an arbitrary function of the n state variables

and time t. Together with initial values for each of the state variables

ŷ1ð0Þ; ŷ2ð0Þ; . . .; ŷnð0Þ; system of ODEs X can be solved with numerical integration

techniques to yield the predicted time series data. Written as a n 9 m matrix as with

Y above, the predicted data Ŷ is:

Ŷ ¼

ŷ1ðt0Þ; ŷ1ðt1Þ; . . .; ŷ1ðtm�1Þ
ŷ2ðt0Þ; ŷ2ðt1Þ; . . .; ŷ2ðtm�1Þ
..
.

ŷnðt0Þ; ŷnðt1Þ; . . .; ŷnðtm�1Þ

0

B
B
B
@

1

C
C
C
A

ð4Þ

To measure the accuracy of system of ODEs X as a model of the observed data Y,

we use the scaled mean absolute error:

error ðall variables measuredÞ ¼ 1

mn

Xn

i¼1

Pm�1
j¼0 Yij � Ŷij

�
�

�
�

ri

 !

ð5Þ

where ri is the standard deviation of the ith observed time series. This scaling factor

is used so that error values can be meaningfully compared for any studied dynamical
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system. In the present work we are concerned with the ‘‘inverse problem’’ of

identifying the form and parameters of system of ODEs X so as to minimize this

prediction error.

When inferring an ODE model with hidden variables, one or more of the time

series yi(t) are not measured and are unavailable to guide the model inference

process. In this case, the inference process is instead guided by the prediction error

calculated solely on the basis of the measured variables. Out of the n total variables

in the system, a subset of size o variables are measured or observed and (n - o)

variables are unmeasured or hidden. To calculate the error of a system of ODEs X in

this case, we use the scaled mean absolute error as above except that only measured

variables are involved in the error calculation:

error ¼ 1

mo

Xo

i¼1

Pm�1
j¼0 Zij � Ẑij

�
�

�
�

ri

 !

ð6Þ

Here, ri is the standard deviation of the ith observed time series and Z is a matrix equal

to Y except that rows corresponding to hidden variables are omitted. Similarly, Ẑ is a

matrix equal to Ŷ except that rows corresponding to hidden variables are omitted. Note

that numerical integration of candidate ODE model X with one or more hidden vari-

ables always produces n predicted time series; the predicted time series corresponding

to hidden variables are simply not used to calculate the error of X.

In some experiments below, noise was added to the observed time series. For

each predicted data point, a random variate is generated from a Gaussian

distribution with mean 0 and standard deviation equal to 0.01 times the standard

deviation of the observed time series. This noise was also added to the initial values

of the observed time series that are used as the starting points for numerical

integration of candidate ODE models, thereby making evaluation of models

considerably more difficult than in a standard symbolic regression task [18, 46].

Although sophisticated techniques such as unscented Kalman filtering exist for

filtering out this kind of noise [41], our intention was to test the robustness of model

inference to reasonable amounts of measurement noise. When several GP trials were

performed, noise was added independently for each trial.

3.2 GP algorithm for ODE model inference

We use a variation on Koza’s tree-based GP to identify both the form and

parameters of ODEs [46]. Individuals are encoded as a forest of n binary trees,

where n is the number of equations and dynamic variables in the system of ODEs.

For example, the forest of two trees shown in Fig. 1 corresponds to the system of

ODEs:

dX1

dt ¼ X2
1 þ sinðX2Þ

dX2

dt ¼ 1:75
ðX1�X2Þ

(

ð7Þ

Here, we consider autonomous ODEs and each tree is composed of terminals from

the set fa;X1;X2; . . .;Xng where Xi is the ith state variable in a system of ODEs with
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n variables and a represents ephemeral random constants in the range (-9.0, 9.0).

For all examples except Example 5 below, the set of possible arithmetic operations

used in the binary trees was {?, -, *, /}, and for Example 5 this set was augmented

to include trigonometric functions: {?, -, *, /, sin, cos}. Along with the trees

representing individual ODEs, each individual is composed of a set of initial values

ŷ1ð0Þ; ŷ2ð0Þ; . . .; ŷnð0Þ; one for each of the n equations in the system. For observed

variables, these values are simply fixed to the known initial values obtained from the

observed time series data, whereas for hidden variables, the values are optimized as

if they were trees containing a single ephemeral random constant node. The max-

imum allowed depth of the trees was five. The population of 96 trees was initialized

by randomly adding nodes to the leaves of an initially empty tree until a pre-chosen

depth was reached. This depth was chosen randomly from the range (1, 5), with

each possible depth equally likely.

As in standard GP, crossover and mutation were used to generate novel

individuals. Each generation, two parents from the population of 96 were selected at

random. With 90 % probability, they generated two offspring by subtree crossover

with internal nodes selected as crossover points 90 % of the time and terminals

selected 10 % of the time [46]. With 5 % probability, the parents generated two

offspring by each undergoing mutation in which a node in the tree was randomly

selected and replaced by a new randomly generated subtree. Finally, with 5 %

probability, the two parents generated two offspring without modification. No

recombination or mutation to a node of a different type was allowed for the trees in

the forest that represented initial values. Reproduction continued into this manner

until 96 children were generated, at which point the errors of the offspring trees

were evaluated and survival selection took place as described below.

Recent work has shown that using genotypic age as an explicit objective in

addition to fitness (or error) can be a powerful yet simple way to reduce bloat and

maintain diversity in an evolving GP population [69, 70]. Here, we define age as the

number of generations the individual has been present in the population, which is to

be minimized. An individual descended from another individual, whether by

mutation or recombination, inherited that parent’s age. In the case of recombination,

the age of the older parent was inherited. To provide a steady flow of low-age

genotypes, one new individual with an age of 0 was added to the population each

X1 X2X1

sin*

+

X1 X2

÷

1.75

1 2dX

dt

dXFig. 1 The system of ODEs
given in Eq. (7) encoded as a
forest of two binary trees
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generation. This new individual was randomly constructed in the same way as all 96

members of the initial population.

In contrast to standard GP, we use genotypic age to perform survival selection

with the Age-Fitness Pareto algorithm [69, 70]. With this algorithm, the

minimization of genotypic age is used as a second objective in addition to the

minimization of error, making this a multiobjective optimization problem. Survival

selection with elitism is implemented in this multiobjective setting with a Pareto

tournament of size 2, in which individuals from the combined population of parents

and offspring are randomly selected to participate. If either of the pair has both

higher error and higher age than the other, it is discarded. This continues until the

desired population size of 96 is reached, at which point reproduction takes place. In

the event that a large number of tournaments failed to discard any individuals,

individuals were randomly discarded until the desired population size was reached,

although this never occurred in practice.

Many authors have noted that standard GP can have difficulty evolving floating

point constants effectively. The solutions proposed generally involve embedding

local search algorithms or other optimization techniques within a standard GP

algorithm [39]. We use the simple strategy of hill-climbing as a local search

technique [64]. Following Schmidt and Lipson [68], each generation, one hill-

climbing step is performed in which each constant in each individual is perturbed

with a small amount of 0 mean Gaussian noise. The standard deviation of the noise

was set to 0.1 times the absolute value of the constant. The error of each individual

is then reevaluated and if error increases, the old parameter values are restored.

As in all machine learning, the search for symbolic models with GP involves an

inherent tradeoff between model complexity and accuracy [16]. The most accurate

models, or those with lowest error on the training data set, tend to be unnecessarily

complex and overfit the data in the sense that they perform poorly on unseen test

data [53, 66]. For this reason, tracking summary statistics such as the training error

of the best model over the course of the evolutionary search can be misleading. This

is especially the case in the present study as we are interested primarily in

recovering the exact structure of synthetic systems and in inferring parsimonious,

explanatory models of physical systems. In light of this goal and instead of

recording only the model with lowest error on the training or test data, throughout

an evolutionary run we track a Pareto front of models that represent the best-so-far

tradeoffs between model complexity and training error. After the completion of a

trial, the models in this Pareto hall of fame are taken as the results of model

evolution. Model complexity was measured simply as the sum of the number of

terminals and operations used in all equations of the system of ODEs. For example,

the model in Eq. (7) and depicted in Fig. 1 has a complexity of 11, with 6 terminals

and operations in the first equation of the system and 5 terminals and operations in

the second equation of the system.

3.3 Fitness evaluation

Instead of maximizing the fitness of evolved models, the goal of evolution in our GP

algorithm is to minimize the error as defined in Sect. 3.1 above. For the error
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calculation, we find the predicted time series by numerically integrating the system

of ODEs encoded by an individual using the common fourth-order Runge–Kutta

method with fixed step size [59]. In most of the examples below, we compared three

different variations on this basic means of evaluating candidate models. In the first

method, each candidate model was integrated for 128 time steps and all 128

resulting predicted data points were compared against the 128 corresponding

observed data points using Eq. (6). This method is referred to as ‘‘128 All’’ below.

In the second method, each candidate model was integrated for only 8 time steps

and the 8 resulting predicted data points were compared against the 8 corresponding

observed data points. This method is referred to as ‘‘8 All’’ below.

Although the evaluations of candidate models using only 8 data points are likely

to be much less accurate than those using all 128 data points, each of the individual

evaluations using 8 points required only 0.0625 times as much computational effort

as when all 128 points were calculated. As computational effort in this application

of GP is dominated by the evaluation of candidate models, 16 times as many

individuals can be evaluated for a given amount of computational effort with the

8-point method. A priori it was not clear which method would perform better given

this evaluation accuracy versus number of evaluations tradeoff. For purposes of fair

comparison between methods, the total computational effort as measured by number

of integration steps performed was held constant within each example shown below.

In the third method of evaluating candidate models, each candidate model was

again integrated for 128 time steps, but now only 8 of the resulting predicted time

series data points were compared against the corresponding observed time series

data points. This method is referred to as ‘‘8 Coev.’’ below. The selection of these 8

points from out of the 128 total generated data points was performed using the

Coevolution of Fitness Predictors algorithm detailed in Schmidt and Lipson [67].

That study found that only a small number (approximately 8) of the data points from

a complete training data set are necessary to accurately evaluate individual fitnesses

on a symbolic regression task. Although those points can be selected randomly,

coevolving the location of points based on the accuracy of the resulting fitness

estimates was found to accelerate evolution the most. Although this main result does

not apply here because the number of evaluated data points is defined by the number

of integration steps taken, the authors also found that even when the advantage of

decreased computational effort is not taken into account, coevolving the location of

evaluation points accelerated evolution over other methods. We hypothesized that

using only 8 out of the 128 obtained data points but selecting them with coevolution

might confer a similar advantage for our purposes here. Note that there is no

advantage in terms of computational effort of this coevolutionary method over

simply using all 128 points to evaluate a candidate model, as in both cases an

individual candidate model must be integrated for 128 time steps.

Depending on the method, either 128 integration points or 8 integration points

were used as training data to calculate the error used to guide evolution of the

models. However, in the results below, error is instead reported on test data not used

to guide evolution in order to better evaluate how well the evolved models could

make predictions. Regardless of the method used to train the models, this test error

was obtained by integrating the evolved model for 256 time steps and comparing the
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last 128 points to the corresponding points in the target model using the error

calculation in Eq. (6).

In the examples of Sects. 4.1, 4.2, 4.3, and 4.6, the number of point evaluations

and integration steps were as described above. However, due to the nature of the

empirical data, in Sect. 4.4, 256 instead of 128 integration steps were used during

training and 320 instead of 256 integration steps were used for computing test

error. The 8 Coev. and 8 All methods still employed only 8 points. In Sect. 4.5,

128 integration steps were used during training, but only 192 integration steps

were used for computing test error. Again, the 8 Coev. and 8 All methods

employed only 8 points. The differences between Sects. 4.1–4.3 and 4.4–4.5 are

reflected in the figures illustrating the data sets. For consistency we refer to the

three evaluation methods as ‘‘128 All,’’ ‘‘8 Coev.,’’ and ‘‘8 All’’ for all examples

below.

4 Results

We studied the performance of our algorithm on several systems with hidden

variables. The six main systems studied are shown in Fig. 2, which summarizes the

target system, the behavior of the system, and some results obtained with our

algorithm.

4.1 Initial experiments

For our initial experiments, we used two simple synthetic nonlinear dynamical

systems with known ODE models. The first was given by:

dX1

dt ¼ X1X2
dX2

dt ¼ �0:5X1

�

ð8Þ

with initial values y1(0) = 1.0, y2(0) = -1.0. Data was generated from this target

model, both with and without noise (Fig. 3). We designated X2 as a hidden var-

iable and the data available to our GP algorithm consisted only of the time series

data for X1. We then attempted to reverse-engineer the exact model given in

Eq. (8) using only this time series data for X1. This was repeated for 50 inde-

pendent trials using each of the three fitness evaluation methods described in Sect.

3.3. Figure 4 summarizes the results of these runs and shows test error of the best

model found as a function of computational effort for each of the three methods.

For both noise-free data (Fig. 4a) and data to which noise was added (Fig. 4b),

evaluating a candidate model by integrating for 128 time steps and then using all

128 resulting points (128 All) resulted in models that on average generalized

better to unseen test data. Less successful were the methods of integrating for 128

steps but using only 8 coevolved points (8 Coev.) and of integrating for only 8

steps (8 All).

Examining the evolved ODE models revealed that in many of the 50 trials,

the exact form of the target model was found:
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kinetics and pendulum), the target model is the approximate theoretical model derivable from first principles
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dX1

dt ¼ X1X2
dX2

dt ¼ aX1

�

ð9Þ

with initial values ŷ1ð0Þ ¼ 1:0; ŷ2ð0Þ ¼ b; where a and b are floating point con-

stants. Table 1 shows the frequency with which this form was identified and the

variability of the two constants across trials in which this form was identified.

Figure 3 compares the response of a typical evolved model having the target form

with the response of the target model, showing a very close match on both the

observed time series for X1 and the hidden time series for X2.

Looking more closely at the trials in which the exact form of the target model

was not identified, we frequently found that equally accurate and parsimonious

models with a different structure were identified. For example, in 38 out of 50 trials

without noise and using the 128 All evaluation method, the exact target model form

was identified (Table 1). In all 12 out of the remaining 12 trials, accurate models

with this alternative structure were identified:

dX1

dt ¼ aX1X2
dX2

dt ¼ X1

�

ð10Þ

with initial values ŷ1ð0Þ ¼ 1:0; ŷ2ð0Þ ¼ b; where a and b are floating point con-

stants. In all cases, a was approximately -0.5 and b was approximately 2.0. Both

these models and the target model in Eq. (8) have a complexity of 6, and in most

cases the training error for models with this structure was approximately the same as

the training error for models with the target structure. In other words, models with

the structure shown in Eq. (10) appear to represent a local optimum in the space of

possible models that was very attractive to the evolutionary search, thereby making

our goal of recovering the exact target structure difficult.

One approach to recovering the exact target structure despite the presence of local

optima was motivated by the observation that the local optimum represented by
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target data
evolved fit
evolved prediction
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Fig. 3 Behavior of the first target system and an evolved model from Sect. 4.1. Equation (8) was used to
generate the target data shown in the solid gray line. The behavior of an evolved ODE model on the
training data (‘‘evolved fit’’) is shown in solid circles and the behavior of that evolved model to test data
not seen during training (‘‘evolved prediction’’) is shown with x’s. The behavior of the hidden variable
(X2) in the evolved model is entirely plotted with x’s as none of the time series data from X2 was available
for training
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Fig. 4 Summary of evolutionary runs for the first example in Sect. 4.1. The error of the best model on
test data not seen during training was calculated each generation. In selected generations, the mean of this
test error was plotted for each of the three evaluation methods with symbols as shown in the legend. Error
bars represent ± the standard error of the mean. In most cases the error bars are smaller than the height
of the markers and are not visible. a shows results for noise-free data and b shows results for data to
which noise was added

Table 1 Evolved models for the first system in Sect. 4.1

Evaluation

method, noise

Num. successful

trials out of 50

a b

128 All, no noise 38 -0.5000 ± 0.0003 -1.0000 ± 0.0000

128 All, noise 21 -0.5160 ± 0.0226 -0.9928 ± 0.0092

8 Coev., no noise 38 -0.5000 ± 0.0002 -1.0000 ± 0.0000

8 Coev., noise 13 -0.5239 ± 0.0294 -0.9904 ± 0.0113

8 All, no noise 8 -0.5006 ± 0.0004 -1.0000 ± 0.0000

8 All, noise 0 NA NA

A successful trial indicates that the form given in Eq. (9) was evolved in the trial. a and b refer to the

floating point constants in (9). The variability of the constants across trials in which the target form in (9)

was evolved are given as mean ± standard deviation. No data for a given measurement is indicated by

‘‘NA.’’
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models with the structure in Eq. (10) appeared to be associated with initial values

ŷ1ð0Þ ¼ 1:0; ŷ2ð0Þ ¼ 2:0; whereas evolved models matching the true target structure

tended to have initial values very close to the true values of ŷ1ð0Þ ¼ 1:0; ŷ2ð0Þ ¼ �1:0.

As the initial value of the hidden variable ðŷ2ð0ÞÞ is treated as a free parameter to be

optimized, it is possible to simply constrain this initial value to a range such as (-1.1,

-0.9), which could prevent the evolutionary search from becoming trapped in the

local optimum associated with initial values of approximately 2.0. A priori, there

would be no way to know that the initial values should be constrained in this way.

However, assuming that the empirical time series data can be normalized to

approximately order unity and at the expense of additional computational effort,

several trials can be used to ‘‘scan’’ through the space of possible initial values.

We performed such scans with 50 trials each in which the initial values were

constrained to a range of 0.2 and in which the center of the ranges was successively

set to each of (-6.0, -5.8, …, 3.6, 3.8). When the range of initial values was set to

(-1.1, -0.9), models of the form shown in Eq. (8) were found with parameters

closely matching those of the target. An example of one such model is:

dX1

dt ¼ X1X2
dX2

dt ¼ �0:5000X1

�

ð11Þ

with initial values ŷ1ð0Þ ¼ 1:0; ŷ2ð0Þ ¼ �1:0000. This initial value scanning

approach successfully recovered the target model when the 128 All and 8 Coev.

methods were used, from both noise-free data and from data with added noise.

Although the alternative model in Eq. (10) was also found in some trials of the scans,

this approach is one potential means of reliably recovering the exact target model

structure despite the presence of highly attractive local optima in model space.

In our initial experiments, we also used this target system:

dX1

dt ¼ X2 � 0:5
dX2

dt ¼ X1X2

�

ð12Þ

with initial values y1(0) = -1.0, y2(0) = 1.0. Again we designated X2 as a hidden

variable and data was generated both with and without noise (Fig. 5). This system is
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evolved fit
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Fig. 5 Behavior of the second target system and an evolved model from Sect. 4.1. Equation (12) was
used to generate the target data shown in the solid gray line
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very similar to Eq. (8) except that now the hidden variable is described by a

nonlinear expression whereas in Eq. (8), the hidden variable was described by a

linear expression. Figure 6 summarizes the results of 50 independent trials using

only the time series data from X1 in Eq. (12) as the basis for model identification.

The results show that as before, evaluating a candidate model by integrating for 128

time steps and then using all 128 resulting points (128 All) was the most successful

evaluation method.

The target form of this second system in general is:
dX1

dt ¼ X2 � a
dX2

dt ¼ X1X2

�

ð13Þ

with initial values ŷ1ð0Þ ¼ �1:0; ŷ2ð0Þ ¼ b; where a andb are floating point con-

stants. Table 2 shows the frequency with which this form was identified and the

variability of the two constants across trials in which this form was identified.

Figure 5 compares the response of a typical evolved model matching the target form

with that of the target model.

As with the previous test case, alternative model structures were found that were

difficult for the evolutionary search to reject on the basis of accuracy or parsimony.

One frequently encountered alternative structure was:

dX1

dt ¼ X1
dX2

dt ¼ X1ðX2 þ aÞ

�

ð14Þ

with initial values ŷ1ð0Þ ¼ �1:0; ŷ2ð0Þ ¼ b; where a andb are floating point con-

stants. In all cases, a andb were approximately 0.5. Models with this structure have

complexity equal to the target model in Eq. (12), and depending on the exact values

of the constants present, often gave the same or lower training errors as models with

the target structure. To overcome this attractive local optimum in the space of

possible models, we again used the initial value scanning approach described above.

When the range of initial values was set to (0.9, 1.1), models of the form shown in

Eq. (12) were found with parameters closely matching those of the target. An

example of one such model is:
dX1

dt ¼ X2 � 0:5002
dX2

dt ¼ X1X2

�

ð15Þ

with initial values ŷ1ð0Þ ¼ �1:0; ŷ2ð0Þ ¼ 1:0003. This initial value scanning

approach worked successfully for the 128 All and 8 Coev. methods both with and

without noise.

4.2 Ideal rocket equations

We next considered an instance of the ideal rocket equations given in Eq. (1):

dX1

dt ¼ X2
dX2

dt ¼ 0:2
X3

dX3

dt ¼ �0:1

8
><

>:
ð16Þ
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with initial values y1(0) = 2.0, y2(0) = 1.0, y3(0) = 0.5. X3 corresponds to the mass

variable in Eq. (1) and so it was taken as a hidden variable, whereas position (X1)

and velocity (X2) were both observed variables. Target data from this system was

simulated both with and without measurement noise as shown in Fig. 7. Figure 8

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
-3

10
-2

10
-1

10
0

10
0

10
1

10
2

10
3

10
4

10
5

10
6

10
7

10
-3

10
-2

10
-1

10
0

Total Computational Effort (integration steps)

Total Computational Effort (integration steps)

Te
st

 E
rr

or
Te

st
 E

rr
or

a

b

8 All
8 Coev.
128 All

8 All
8 Coev.
128 All

no noise

noise

Fig. 6 Summary of evolutionary runs for the second example in Sect. 4.1. a shows results for noise-free
data and b shows results for data with noise

Table 2 Evolved models for the second system in Sect. 4.1

Evaluation method, noise Num. successful

trials out of 50

a b

128 All, no noise 25 0.5000 ± 0.0004 1.0000 ± 0.0005

128 All, noise 11 0.5036 ± 0.0101 1.0017 ± 0.0043

8 Coev., no noise 24 0.4999 ± 0.0006 0.9998 ± 0.0008

8 Coev., noise 11 0.5016 ± 0.0029 1.0031 ± 0.0057

8 All, no noise 1 0.5001 ± 0.0000 1.0001 ± 0.0000

8 All, noise 0 NA NA

A successful trial indicates that the form given in Eq. (13) was evolved in the trial
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Fig. 7 Behavior of the target system and an evolved model from Sect. 4.2. Equation (16) was used to
generate the target data shown in the solid gray line
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summarizes the results of 50 independent trials using the time series data from X1

and X2 in Eq. (16) as the basis for model identification.

The target form of the ODE models for this example in general is:

dX1

dt ¼ X1
dX2

dt ¼ a
X3

dX3

dt ¼ b

8
><

>:
ð17Þ

with initial values ŷ1ð0Þ ¼ 2:0; ŷ2ð0Þ ¼ 1:0; ŷ3ð0Þ ¼ v, where a, b, v are floating

point constants. Table 3 shows the frequency with which this form was identified

and the variability of the floating point constants across trials in which this form was

identified. Unlike with the examples of Sect. 4.1 above, the true values of the

floating point constants were difficult for the GP algorithm to identify. This was the

case even when the correct form of the model was identified.

Although this difficulty in identifying parameter values appears to be due to a

different type of local optimum in model space than that encountered in the

examples of Sect. 4.1, the initial value scanning approach used there is again

appropriate for attempting to recover the target model. When the range of initial

values for the hidden variable was set to (0.4, 0.6), models of the form shown in Eq.

(16) were found with parameters closely matching those of the target. This initial

value scanning approach worked successfully for the 128 All and 8 Coev. methods

without noise and the 128 All method with noise added. Figure 7 compares the

response of the target model to the response of this typical evolved model obtained

with initial value scanning:

dX1

dt ¼ X2
dX2

dt ¼ 0:2060
X3

dX3

dt ¼ �0:1030

8
><

>:
ð18Þ

with initial values ŷ1ð0Þ ¼ 2:0; ŷ2ð0Þ ¼ 1:0; ŷ0 ¼ 0:5151.

Table 3 Evolved models for Sect. 4.2

Evaluation

method, noise

Num. successful

trials out of 50

a b v

128 All, no noise 42 0.7136 ± 2.5092 -0.3565 ± 1.2542 0.0011 ± 0.0014

128 All, noise 0 NA NA NA

8 Coev., no noise 40 -0.3243 ± 2.9437 0.1881 ± 1.4694 0.0013 ± 0.0012

8 Coev., noise 5 1.1016 ± 2.3599 -0.6617 ± 1.1341 0.0299 ± 0.0287

8 All, no noise 8 0.5073 ± 3.1272 -0.2541 ± 1.5642 0.0005 ± 0.0005

8 All, noise 0 NA NA NA

A successful trial indicates that the form given in Eq. (17) was evolved in the trial
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4.3 Chemical reaction network

Several previous studies that evolved ODE models have used a particular chemical

reaction problem as a benchmark [4, 5, 15, 23]. This problem involves the reaction

between formaldehyde and carbamide, which produces methylol urea and

methylene urea according to:

HCHOþ NH2ð Þ2CO! H2N � CO � NH � CH2OH

H2N � CO � NH � CH2OHþ NH2ð Þ2CO! NH2CONHð Þ2CH2

ð19Þ

The concentrations of formaldehyde (X1), methylol urea (X2), and methylene urea

(X3) change over time in a way that satisfies the ODE:

dX1

dt ¼ �1:4X1
dX2

dt ¼ 1:4X1 � 4:2X2
dX3

dt ¼ 4:2X2

8
<

:
ð20Þ

with initial values y1(0) = 0.1, y2(0) = 0.0, y3(0) = 0.0. The reaction rate param-

eters and initial values are typically observed experimental values given in Cao

et al. [23]. Target data from this system was simulated both with and without

measurement noise (Fig. 9).

Here we consider the problem of modeling the complete reaction network when

data for one or more of the three concentration time series is not available. Due to

the nature of the dependencies in the reaction network, the presence of hidden

variables can drastically change the modeling problem. For example, if only the

concentration of formaldehyde (X1) is measured, there is no way to infer expressions

for the rate of change of the concentration of methylol urea (X2) or methylene urea

(X3). This is because the rate of change of the concentration of formaldehyde is

effectively independent of the concentrations of all species other than formaldehyde

itself, as can be seen in Eq. (20). There are six possible combinations of

measurements that can be taken (aside from measuring all three concentrations):

{X1}, {X2}, {X3}, {X1, X2}, {X1, X3}, {X2, X3}. We will consider each of these cases
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Fig. 9 Behavior of the target system and an evolved model from Sect. 4.3. Equation (20) was used to
generate the target data shown in the solid gray line
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in turn and use only the variable names for brevity. Due to the large number of

cases, for these experiments only the 128 All evaluation method was used, as

previous results suggested it was the most effective method.

When only {X1} is measured, the expression for the rate of change of X1 is

constrained in the ODE model for the system, whereas no information exists as the

basis for finding an expression for the rate of change of X2 or X3. Figure 10

summarizes the results of 50 independent trials using the time series data {X1} as

the basis for model identification. The target form of the ODE models for this

problem in general is:

dX1

dt ¼ aX1
dX2

dt ¼ �
dX3

dt ¼ �

8
<

:
ð21Þ

with initial values ŷ1ð0Þ ¼ 0:1; ŷ2ð0Þ ¼ � ; ŷ3ð0Þ ¼ � , where a is a floating point

constant and * is arbitrary. Table 4 shows the frequency with which this form was

identified and the variability of the floating point constant across trials in which this

form was identified.

When the measurements consist of {X2} or {X1, X2}, the expressions for the rate

of change of X1 and X2 are constrained in the ODE model for the system, whereas

no information exists as the basis for finding an expression for the rate of change of

X3. Figure 10 summarizes the results of 50 independent trials using the time series

data {X2} or {X1, X2} as the basis for model identification. The target form of the

ODE models for this problem in general is:

dX1

dt ¼ aX1
dX2

dt ¼ bX1 � vX2
dX3

dt ¼ �

8
<

:
ð22Þ

with initial values ŷ1ð0Þ ¼ �; ŷ2ð0Þ ¼ 0:0; ŷ3ð0Þ ¼ � , where a, b, v, e are floating

point constants and * is arbitrary. (In the case when X1 and X2 were measured,

e was set to the observed initial value.) Table 4 shows the frequency with which this

form was identified and the variability of the four constants across trials in which

this form was identified.

When the measurements consist of {X3}, {X1, X3}, or {X2, X3}, the expressions

for the rate of change of all three variables are constrained in the ODE model for the

system. Figure 11 summarizes the results of 50 independent trials using the time

series data {X3}, {X1, X3}, or {X2, X3} as the basis for model identification. The

target form of the ODE models for this problem in general is:

dX1

dt ¼ aX1
dX2

dt ¼ bX1 � vX2
dX3

dt ¼ dX2

8
<

:
ð23Þ

with initial values ŷ1ð0Þ ¼ �; ŷ2ð0Þ ¼ /; ŷ3ð0Þ ¼ 0:0, where a, b, d, v, e, u are

floating point constants. (In the case when X1 and X3 were measured, e was set to the

observed initial value. When X2 and X3 were measured, u was set to the observed
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initial value.) Table 4 shows the frequency with which this form was identified and

the variability of the six constants across trials in which this form was identified.

The results show that identifying the target form and parameters of the model is

difficult in all cases except when {X1} or {X1, X2} are measured. As much of this

difficulty could be due to becoming trapped in local optima in model structure and

parameter space, we again used the initial value scanning approach, which was

successful in many cases. For example, with {X2} measured, the following partial

model was recovered from noisy data using the 128 All method:

dX1

dt ¼ �1:4020X1
dX2

dt ¼ X1 � 4:1926X2
dX3

dt ¼ �

8
<

:
ð24Þ

with initial values ŷ1ð0Þ ¼ 0:1398; ŷ2ð0Þ ¼ 0:0; ŷ3ð0Þ ¼ � , which closely matches

Eq. (22). As another example, with {X2, X3} measured, the following model was

recovered from noisy data using the 128 All method:
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dX1

dt ¼ �1:3906X1
dX2

dt ¼ X1 � 4:2451X2
dX3

dt ¼ 4:1547X2 þ X2X3

8
<

:
ð25Þ

with initial values ŷ1ð0Þ ¼ 0:1407; ŷ2ð0Þ ¼ 0:0000; ŷ3ð0Þ ¼ 0:0002, which closely

matches Eq. (20) aside from the X2X3 term in the third equation. The behavior of

Eq. (25) is plotted in Fig. 9 and compared with the behavior of the target model

given in Eq. (20).

4.4 Physical 5-azacytidine degradation kinetics

5-azacytidine is an anti-cancer drug that rapidly degrades in the body when

administered by intravenous injection [14, 45]. The initial product formed as a result

of this degradation is N-(formylamidino)-N0-b-D-ribofuranosylurea (RGU-CHO).

Due to the therapeutic benefits of 5-azacytidine, it is of interest to characterize the
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kinetics of this degradation reaction and many studies have done so [8, 14, 45]. Here

we use data from the physical 5-azacytidine degradation reaction obtained by

Argemı́ and Saurina [8]. These experimental measurements, shown in Fig. 12, were

the input to our GP algorithm as we attempted to infer a model for the data.

We first assumed that all the data was available, that is, that both the

concentrations of 5-azacytidine (X1) and RGU-CHO (X2) were measured as in

the original experiment [8]. Using the 128 All evaluation method, models of the

following form were readily obtained:

dX1

dt ¼ aX1
dX2

dt ¼ bX1 � vX2

�

ð26Þ

with initial values ŷ1ð0Þ ¼ 1:0000; ŷ2ð0Þ ¼ 0:0578, where a, b, v are floating point

constants. In all cases, a was approximately -0.02, b was approximately 0.02, and v
was approximately 0.001. This explanatory model is consistent with the known

reaction mechanism [14] and provided a baseline for comparison with subsequent

experiments described next.

We then assumed that only the concentration of RGU-CHO (X2) was measured

and that the concentration of 5-azacytidine (X1) was a hidden variable. Figure 13

summarizes the results of 50 independent trials using the empirical X2 data as the

basis for model identification. A model structure resembling that of (26) was

frequently identified:

dX1

dt ¼ aX1
dX2

dt ¼ bX1 � vX2 þ d

�

ð27Þ

with initial values ŷ1ð0Þ ¼ �; ŷ2ð0Þ ¼ 0:0578, where a, b, v, d, e are floating point

constants. Table 5 shows the frequency with which the form in Eq. (27) was

identified and the variability of the floating point constants across trials in which this

form was identified. Regardless of whether the form in Eq. (27) was identified or

how low their test error was, the evolved models showed high variability in the

values of the floating point constants across several trials.
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Fig. 12 Behavior of the target system and an evolved model from Sect. 4.4. The target data shown in the
solid gray line was obtained from physical experiments performed by Argemı́ and Saurina [8]
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We used the initial value scanning approach for attempting to identify the model

more precisely and reliably with X1 as a hidden variable. The scan in this case was

not successful at identifying models matching the experimental data. Even when

models of the form shown in Eq. (26) or Eq. (27) were found, the nature of the

coupled system of ODEs made identifying the correct parameters difficult. For

example, with the 128 All method, this model was found:

dX1

dt ¼ �0:0013X1
dX2

dt ¼ 0:0236X1 � 0:0150X2

�

ð28Þ

with initial values ŷ1ð0Þ ¼ 0:8000; ŷ2ð0Þ ¼ 0:0578. Figure 12 compares the

response of this evolved model to the empirical data, showing that the behavior of

the hidden variable X1 is not predicted accurately even though the correct model

form was recovered and the behavior of the measured variable X2 is predicted

accurately.

4.5 Physical pendulum

In ODE form, a simple pendulum is modeled with two dynamic variables, one for

the angular displacement of the bob (h) and one for its angular velocity (x). We will

continue the practice of referring to the variables as X1 and X2, with X1 representing

angular displacement and X2 representing angular velocity. Here we use data

obtained from a physical pendulum obtained by Bongard and Lipson [18]. These

experimental measurements, shown in Fig. 14, were the input to our GP algorithm

as we attempted to infer a model for the data.

As with the 5-azacytidine physical system, we first assumed that all the data was

available, that is, that both the angular displacement (X1) and angular velocity (X2)

of the pendulum were measured as in the original experiment [18]. Using the 128

All evaluation method, models of the following form were readily obtained:

dX1

dt ¼ X2
dX2

dt ¼ a sinðX1Þ � bX2

�

ð29Þ
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with initial values ŷ1ð0Þ ¼ �0:3933; ŷ2ð0Þ ¼ 1:5701, where a, b are floating point

constants. In all cases, a was approximately -20.0 and b was approximately 0.2 as

in Bongard and Lipson [18]. This explanatory model matches the well-known model

derivable from first principles with Newtonian physics and provided a baseline for

comparison with subsequent experiments described next.

We then assumed that only the angular displacement (X1) was measured and that

the angular velocity (X2) was a hidden variable. Figure 15 summarizes the results of

50 independent trials using the empirical X1 data as the basis for model

identification. Despite many models achieving low test error, no models with the

structure of Eq. (29) were identified, and this hidden variable modeling problem

appeared to be the most difficult example considered so far.

However, the initial value scanning approach generated models of the following

form with both the 128 All and 8 Coev. evaluation techniques:

dX1

dt ¼ X2
dX2

dt ¼ aX1 � bX2

�

ð30Þ
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Fig. 14 Behavior of the target system and an evolved model from Sect. 4.5. The target data shown in the
solid gray line was obtained from physical experiments performed by Bongard and Lipson [18]
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with initial values ŷ1ð0Þ ¼ �0:3933; ŷ2ð0Þ ¼ v, where a, b, v are floating point

constants. In all cases, a was approximately -20.0 and b was approximately 0.2. An

example of one of these models is:

dX1

dt ¼ X2
dX2

dt ¼ �19:8412X1 � 0:2070X2

�

ð31Þ

with initial values ŷ1ð0Þ ¼ �0:3933; ŷ2ð0Þ ¼ 1:5000. Figure 14 compares the

behavior of this model to the empirical data, showing that the model accurately

predicts both the measured and hidden variables despite being more parsimonious

than the first principles model given in Eq. (29).

4.6 Random systems of ODEs

In order to study how the GP algorithm scales with increasing problem difficulty, we

measured performance as a function of target system complexity for random

systems of ODEs. These random systems were generated by building a random

binary tree of operations and operands for each variable in the system. Each tree was

then simplified using the MATLAB Symbolic Math Toolbox to obtain an accurate

measure of complexity for the system. Random systems with two variables and with

three variables were generated. An example of a random ODE system with two

variables and a complexity of 8 is:

dX1

dt ¼ X1X2
dX2

dt ¼ X1 � 4:4362X2

�

ð32Þ

with initial values y1(0) = 3.5121, y2(0) = -8.3313. An example of a random ODE

system with three variables and a complexity of 17 is:

dX1

dt ¼ 4:0801
X2�7:1723

þ 9:4551
dX2

dt ¼ X2
1X2

3
dX3

dt ¼ 1:1222þ X1

8
><

>:
ð33Þ

with initial values y1(0) = -1.6493, y2(0) = -0.8373, y3(0) = 7.4122.

Figure 16 summarizes the results for random systems with two variables and

shows performance in terms of test error of the best model found at the end of each

run as a function of model complexity. 50 independent trials with the 128 All fitness

evaluation method were performed for each of 12 different model complexities

ranging from 2 to 24. For each trial within each complexity class, a different random

target was generated. In the experiments summarized in Fig. 16a, both variables in

the target system were measured. Test error was uniformly low and increased

smoothly as a function of target complexity, both without measurement noise and

with noise added. In the experiments summarized in Fig. 16b, one of the variables

in the system was hidden. The relatively flat test errors across different target

complexities for both noisy and noise-free conditions indicates that the GP

algorithm had difficulty identifying the more complex target models.
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Figure 17 summarizes the results for random systems with three variables and 12

different model complexities ranging from 3 to 25. In the experiments summarized

in Fig. 17a, all three variables were measured. In Fig. 17b, one variable was hidden

and in Fig. 17c, two variables were hidden. Again, the results collectively indicate

that the more complex target models can not be reliably modeled when hidden

variables are present, with little or no effect of added measurement noise.

5 Discussion

Here we present the first work on inferring systems of ODEs with hidden variables

using GP. Our goal was to reverse-engineer the exact form and parameters of the

ground truth model in the case of synthetic data, or a parsimonious explanatory

model in the case of physical data. Many of the results were promising, but we

encountered three main challenges to achieving this goal.
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Fig. 16 Summary of experiments with random systems of ODEs of two variables. The error of the best
model on test data not seen during training was calculated at the end of each run. The mean of this test
error was plotted for trials with and without added measurement noise using symbols as shown in the
legend. Error bars represent ± the standard error of the mean. a shows results for trials in which both
variables in the system were measured and b shows results for trials with one hidden variable
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As mentioned previously, the primary challenge is that ODE models with

alternative forms and parameter values often appear as attractive local optima in the

space of possible models. Disambiguating between these on the basis of error or

parsimony criteria can be difficult in practice or even theoretically impossible, and it

depends on the structure of model space and the nature of measurement noise that
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Fig. 17 Summary of experiments with random systems of ODEs of three variables. a shows results for
trials in which all variables in the system were measured, b shows results for trials with one hidden
variable, and c shows results for trials with two hidden variables
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are unique to each modeling problem. This is essentially a problem of model non-

identifiability, and many studies have addressed this issue for ODEs in an

optimization context where the model structure is fixed but parameters are free to

vary [36, 61]. General statements can be made about the identifiability of systems of

linear ODEs, although it is much more difficult to draw conclusions about the

identifiability of arbitrary systems of nonlinear ODEs, especially when both the

form and parameters of the model are free to vary [24, 35, 79, 81].

The simple examples considered here suggest that non-identifiability of both model

structures and of parameter values play a role in shaping the fitness landscape. We

proposed the initial value scanning approach as a means of systematically traversing

one dimension of the landscape in an attempt to isolate regions in which the target

model resides. In practice, this allowed us to recover the desired models much more

often than would otherwise be possible. The primary downside of this approach,

besides the computational effort involved, is that each trial in the scan produces a

Pareto front of candidate models representing the best tradeoffs between model error

and complexity found within that run. Independent trials of the scan often produced

models of equivalent error and complexity, and distinguishing between these models

would necessarily involve human effort and possibly domain knowledge. However,

we argue that this type of post hoc human involvement in the modeling process is very

different than the a priori involvement that characterizes knowledge-based modeling.

The assessment of high-quality candidate models generated by GP would conceivably

involve less human effort than the manual creation of a knowledge database that would

then be provided to a knowledge-based modeling algorithm.

We tended to consider trials unsuccessful unless the evolved models precisely

matched particular model forms and parameter values. However, in many cases

trials that fail due to non-identifiability can still generate meaningful results. For

example, in Sect. 4.2 we looked at the ideal rocket equations. The target model for

this example was given in Eq. (16). The initial value scanning approach recovered

the target model but also generated models such as:

dX1

dt ¼ X2
dX2

dt ¼ 2:0373
X3

dX3

dt ¼ �1:0183

8
><

>:
ð34Þ

with initial values ŷ1ð0Þ ¼ 2:0; ŷ2ð0Þ ¼ 1:0; ŷ3ð0Þ ¼ 5:0929. Equation (34) has

parameter values that differ greatly from the target in Eq. (16) and the predicted

behavior of the hidden variable X3 matches the behavior of X3 in the target system

very poorly. However, the parameter values in Eq. (34) are very close to 10 times

the values in Eq. (16). If the target Eq. (16) uses units of meters for position (X1),

meters/second for velocity (X2) and kg for mass (X3), then Eq. (34) has nearly

identical behavior in all variables if its units are simply reinterpreted as meters for

X1, meters/second for X2, and kg � 10 for X3. Although this is a relatively simple

example, it shows that the essential scientific knowledge captured by a model can

still be conveyed despite non-identifiability.

A second challenge to GP-based modeling with hidden variables is that the

number and meaning of hidden variables would generally not be known in advance.
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Here, we partially sidestepped this issue in our examples by assuming that the

number of relevant variables in the system is known. This is not without justification

as it would be possible to simply repeat any modeling trial with different numbers of

hidden variables until the ‘‘correct’’ number of hidden variables was found. The

correct number of hidden variables could be recognized as the number that resulted

in the most accurate and parsimonious models. Alternatively, techniques from

nonlinear dynamics theory such as correlation dimension analysis could be applied

to estimate the relevant number of dynamic variables [1, 32, 43].

A third challenge unique to modeling with hidden variables is that the search

space of possible models is much larger than other ODE modeling tasks. This is

because the problem cannot be ‘‘partitioned’’ into simpler symbolic regression tasks

[18]. For example, consider the problem of modeling a system of ODEs consisting

of two variables X1 and X2. If both X1 and X2 are measured, dX1/dt and dX2/dt can be

estimated and then a model for dX1/dt = f1(t, X1, X2) can be found separately from a

model for dX2/dt = f2(t, X1, X2). The observed data for X1 and X2 is substituted as

necessary on the right hand side of the equation to evaluate candidate models. This

is not possible when hidden variables are present and the entire system must be

integrated every time a candidate model is to be evaluated. As a result, the size of

the search space scales linearly with the number of variables in the system when all

variables are measured, but scales exponentially with the number of variables when

one or more hidden variables are present. This could account for the difficulty

encountered in inferring the more complex randomly generated systems in Sect. 4.6.

It was our hope that some of this difficulty could be offset by simply performing

fewer integration steps and more candidate model evaluations with the 8 All

evaluation method, although the results indicate universally poorer performance of

this method versus the 128 All and 8 Coev. methods.

Despite these challenges, we were able in many cases to reverse-engineer the

form and parameters of target models. Success with the modest examples presented

here could be extended in several ways. First, sophisticated parameter estimation

and noise handling techniques could be incorporated directly into our GP algorithm

[23, 60]. Although this could greatly increase the computational effort required to

evaluate individual candidate models, the tradeoff might be desirable for many

applications. Alternatively, additional parameter optimization could be applied as a

post-processing, fine-tuning step for the evolved models. Techniques designed for

multiresponse data might be particularly useful in this regard [63, 74]. Second, the

traditional tree-based GP that we use here has been outperformed in many problem

domains by linear GP [20], grammar-based GP [65, 85], and other evolutionary

algorithms. Studying the performance of these alternative approaches when

evolving ODE models in the presence of hidden variables is a promising area for

future research. Finally, instead of drawing a sharp distinction between free-form

and knowledge-based approaches to automated modeling as we did here, the two

might be fruitfully combined. Such a hybrid approach could be one way of

circumventing the issues with non-identifiability encountered in a pure free-form

algorithm while improving the flexibility of a pure knowledge-based method.

Most of the dynamical systems considered in this work have qualitative

properties that make them relatively amenable to modeling with the proposed
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algorithm. However, dynamical systems encountered in the real world often exhibit

behavior that could make modeling with a GP-based approach such as ours

considerably more difficult. For example, physical systems and their corresponding

ODE models are often studied in the neighborhood of singularities that could make

it difficult to obtain the data measurements needed to evaluate the fitness of a

candidate model [58]. Many systems exhibit a high sensitivity to one or more

parameters in a region of interest, such as the laminar to turbulent flow transition

boundary in a fluid [72]. Due to the large changes in observed behavior that result

from small changes in parameter values, systems studied in the region of such

bifurcation points could be particularly difficult to model with any approach that

relies on a fitness gradient, including ours. As the algorithm described in the present

work also relies on optimization of the initial values of ODEs in some cases, chaotic

systems with high sensitivity to the choice of those initial values, such as those

modeling weather, could further increase the complexity of the fitness landscape

[51]. Finally, the degree of coupling between observed and hidden variables in a

system may influence the ease with which the hidden variables can be modeled [17].

Complete decoupling would make modeling of hidden variables impossible, as

shown in the chemical reaction network example of Sect. 4.3, whereas weak

coupling could greatly increase the amount of observed data required to infer the

algebraic forms describing any hidden variables. It will be important for future work

in GP-based automated modeling of dynamical systems to address these compli-

cating factors.
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81. É. Walter, L. Pronzato, Identification of Parametric Models From Experimental Data (Springer, New

York, 1997)

82. D. Waltz, B.G. Buchanan, Automating science. Science 324(5923), 43–44 (2009)

83. T. Washio, H. Motoda, Y. Niwa, in Proceedings of the ICML 2000. Enhancing the plausibility of law

equation discovery (2000), pp. 1127–1134

84. H.-L. Wei, S.A. Billings, Model structure selection using an integrated forward orthogonal search

algorithm assisted by squared correlation and mutual information. Int. J. Model. Identif. Control 3(4),

341–356 (2008)

85. P.A. Whigham, in Proceedings of the Workshop on Genetic Programming: From Theory to Real-
World Applications, ed. by J.P. Rosca. Grammatically-based genetic programming (Tahoe City,

California, 1995), pp. 33–41

86. S. Winkler, M. Affenzeller, S. Wagner, New methods for the identification of nonlinear model

structures based upon genetic programming techniques. J. Syst. Sci. 31, 5–14 (2005)

87. T. Yoshida, L.E. Jones, S.P. Ellner, G.F. Fussmann, N.G. Hairston Jr, Rapid evolution drives eco-

logical dynamics in a predator-prey system. Nature 424, 303–306 (2003)

190 Genet Program Evolvable Mach (2013) 14:155–190

123


	Inference of hidden variables in systems of differential equations with genetic programming
	Abstract
	Introduction
	Related work
	Methods
	Problem statement
	GP algorithm for ODE model inference
	Fitness evaluation

	Results
	Initial experiments
	Ideal rocket equations
	Chemical reaction network
	Physical 5-azacytidine degradation kinetics
	Physical pendulum
	Random systems of ODEs

	Discussion
	Acknowledgments
	References


