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Abstract Natural and artificial dynamical systems in the
real world often have dynamics at multiple time scales.
Such dynamics can contribute substantially to the com-
plexity of a dynamical system and increase the difficulty
with which it can be analyzed. Although evolutionary
algorithms have been proposed that are amenable to the
automated modeling of dynamical systems, none have
explicitly taken into account multiple time scales or lev-
eraged the information about these dynamics that is
inherent in experimental observations. We propose a
hybrid approach to the design of models for multiple-
time-scale dynamical systems that combines an evolu-
tionary algorithm with other metaheuristics and conven-
tional nonlinear regression. With only minimal human-
supplied domain knowledge, the algorithm automates the
process of analyzing raw experimental observations and
creating an interpretable symbolic model of the system
under study. We describe the algorithm in detail and
demonstrate its applicability to a variety of both physical
and simulated systems. In addition, we study the perfor-
mance and scalability of the algorithm under different
types of dynamics, varying levels of experimental noise,
and other factors relevant to the practical application of
the algorithm.
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1 Introduction

The mathematical modeling of dynamical systems plays a
central role in science, yet it is increasingly difficult for our
human ability to construct models to keep pace with the
growth in complexity of the systems we study [11, 47, 48].
A common feature of many dynamical systems that con-
tributes to their complexity is the presence of simultaneous
dynamics at multiple time scales. Dynamical systems with
multiple time scales are those in which different patterns of
behavior predominate when the system is viewed at dif-
ferent temporal scales [23]. For example, the forced Van
der Pol oscillator is a theoretical system used to model
many natural and synthetic oscillating systems (Fig. 1).
The relatively fast self-oscillations and the slower forced
oscillations are both readily apparent in the measurements
for the dynamic variable x as shown in Fig. 1A. The fre-
quency spectrum of these data confirms the qualitative
observation that the dynamics in the system consist pre-
dominantly of those at two different time scales (Fig. 1B).

Phenomena with multiple time scales arise in many
different areas of science and engineering (Figs. 2, 3).
Some examples include: bursting activity in neurons [18],
the reaction kinetics of enzyme catalysis [19], the motion
of the cytoskeleton within cells [14], and the motion of
flapping structures [10]. Dynamics at multiple spatio-tem-
poral scales are also frequently observed, such as in fluid
mechanics [8, 27] and patterns of ecological diversity [6,
38]. The gap between our ability to collect data from
complex systems such as these and our ability to distill that
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data into useful scientific models is rapidly widening.
Practitioners frequently note that automation will be of
increasing importance to close this gap by assisting sci-
entists in the creation of parsimonious, interpretable mod-
els [16, 25, 51].

In fact, a wide variety of methods have been proposed
for automating the modeling process. Familiar techniques
such as linear and nonlinear regression are relatively easy
to apply to empirical data, yet they assume that the struc-
ture of the model is substantially fixed in advance [15].
More powerful techniques such as support vector machines
and neural networks can approximate arbitrary functions to
an arbitrary degree of accuracy, yet they tend to produce
models that are difficult to interpret [4]. To avoid such
restrictions, “robot scientist” approaches related to expert
systems can use inductive reasoning over databases of
human-supplied domain knowledge [26, 30]. In the present
work, we consider genetic programming, an evolutionary
algorithm that can represent models as human-interpretable
algebraic expressions and that places few constraints on the
form of those expressions [28]. In addition, genetic pro-
gramming requires minimal human-supplied domain
knowledge and automatically designs models de novo
directly from empirical data.
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Fig. 3 Reverse-engineering multiple-time-scale dynamical systems.
A A simulation of a predator—prey system in which hare (%) and lynx
(I) populations display fast oscillations as well as slower overall
changes in the magnitude of those oscillations. While the faster
oscillations represent short term cycles in food supply, the slower
changes might represent, for example, gradual evolutionary changes.
B The goal of the present work is to supply data such as that shown in
panel A to an algorithm that can automatically infer an algebraic
model of the system. The model here is equivalent to a classic Lotka—
Volterra predator—prey dynamical system except that the constant
coefficients of the dynamic variables are replaced by complex time-
dependent functions (gray). These time-dependent coefficients are
responsible for the slow changes in population size

Different varieties of genetic programming have been
successfully used to find explicit linear and nonlinear
models [28, 29], implicit equations [43], and differential
equations [5] for problems in many fields of science and
engineering. In addition, many studies have focused spe-
cifically on applications of genetic programming to the
analysis of time series data. The goals of these studies
include forecasting [17, 35] as well as reverse-engineering
explanatory models [5, 40]. As with other types of data,
genetic programming is typically used to model time series
with linear or nonlinear yet explicit algebraic equations
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[22, 50], but recent advances have improved the capabili-
ties of genetic programming for the modeling of time series
as invariant equations [43] and ordinary differential equa-
tions [46].

Although these previously proposed genetic program-
ming approaches are, in theory, suitable for application to
multiple time scale systems, they do not take advantage of
the fact that dynamics present at multiple time scales are
potentially separable. This discards important information
about the system that could be used to construct models
with improved accuracy and explanatory power, while
requiring less computational effort.

We describe a new method to leverage information
about multiple time scales in genetic programming algo-
rithms for symbolic modeling. The overall goal is to take
measurements from a system, such as the observed hare
and lynx population sizes shown in Fig. 3A, and then use
this data to reverse-engineer an algebraic model for the
system (Fig. 3B). The proposed method is a divide-and-
conquer approach that decomposes dynamics at different
scales in a system and models them independently. A
complete model describing dynamics at all scales can then
be recomposed from these independent models. Some
preliminary results were previously published demonstrat-
ing this approach for simulated data [12]. Here we address
modeling of both simulated and physical systems as well as
investigate in more detail the factors that influence per-
formance of the algorithm.

2 Methods

A summary of the proposed algorithm is shown in
pseudocode in Fig. 4. The algorithm involves three main
steps. In Step 1, an observed time series is divided into
small windows such that slower dynamics in the data are
approximately constant. The data in each window are
modeled with genetic programming and the models
obtained from several different windows are stored and
ranked. In Step 2, the best models from Step 1 are con-
sidered one at a time. Any numerical constants in each
model are replaced with “placeholder” variables. Ordinary
nonlinear regression is then used to find values of the
placeholder variables such that the expression fits the
observed data for a small portion of the original data set.
This process of finding values for the placeholder variables
is repeated for several samples taken from different por-
tions of the original data set. In Step 3, the values of the
placeholder variables found in Step 2 are processed with an
additional round of genetic programming. As the fitted
values of the placeholder variables are time-dependent,
they represent time series data sets that can themselves be
modeled with genetic programming. The models resulting

from this step are finally substituted back into the corre-
sponding placeholder variables from which they were
derived. This three step process of separating and inde-
pendently modeling dynamics at different time scales can
be repeated as needed for data with more than two time
scales or with additional spatio-temporal scales.

In the next three subsections, we illustrate the algorithm
informally using the multiple-time-scale dynamical system
shown in Fig. 3. For the purposes of this explanation, it
will be assumed that both the hare (/) and lynx (/) data are
measured and that the task of finding a model dh/dt = f(h,
1, t) can be considered separately from the task of finding a
model dl/dt = f(h, I, f). In other words, the modeling
problem is partitioned and numerical solution of the system
of differential equations is not necessary as part of the
modeling process [5]. Also for purposes of illustration, we
will consider only the task of using the observed hare and
lynx data to find an algebraic model for dl/dt as a function
of h, [, and t.

2.1 Algorithm Step 1

The algorithm begins by numerical calculation of the time
derivative of the observed lynx data. These time derivative
data are divided into small windows as shown in Fig. SA.
The windows may or may not overlap, but their size is
chosen such that all but the fastest dynamics are approxi-
mately constant over the time span of the window. We
found simple inspection of the data to be sufficient for
choosing the size of the window in this example and in the
examples presented in the Results section below. However,
more sophisticated methods for identifying an appropriate
window size are considered in the Discussion section
below.

In the example shown in Fig. 5, one of these windows
consists of the data between the dashed lines. Within this
window, the time-dependent coefficients of the [ and hl
terms are roughly constant, and so the complex ground
truth model can be approximated by a much simpler model
(Fig. 5B). A genetic programming algorithm can then be
used to easily find this relatively simple expression when
given the dl/dt data from within the window. Repeating this
process for each window in the original data results in
several different candidate models of the simpler form
shown in Fig. 5B. We refer to this set of candidate models
as the “bag” of models produced by Step 1 of the
algorithm.

2.2 Algorithm Step 2
In the next step of the algorithm, the bag of models gen-

erated in Step 1 is processed. Although models in the bag
could be merged or otherwise processed in many different
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Begin Algorithm_1(input DATA)

Step 1:

Divide DATA into a set W of (possibly overlapping) windows.

For each window in W, run genetic programming and add output candidate models to bag of models B.

Rank models in bag B and select a subset M of the best models. Denote the number of coefficients in model M, as ;.

Step 2:

For each model M;

Replace the k; coefficients with k; placeholder variables {ci, ¢, c3, ..., i}

Divide DATA into a set V of (possibly overlapping) windows.

For each window V;

Fit model M, to the data in the window with nonlinear regression.

Store fitted placeholder variables in row j, columns 1 ... k; of a table T,.

Store the time value at the midpoint of window V; in row j, column (k; + 1) of table T..

End For
End For
Step 3:

For each table T;

For each column ¢ € {1, 2, 3, ..., k;} in table T;

Run genetic programming with column ¢ as the dependent variable and the time value in column (k; + 1)

as the independent variable.

Rank the candidate output models and choose the best to replace coefficient ¢, in model M;.

End For
End For
Return M
End Algorithm_1

Fig. 4 Proposed algorithm pseudocode

ways, here we simply select the individual candidate
models with lowest error without regard to the window
from which they were obtained. Once a model is selected
from the bag (Fig. 6A), all numerical constants in the
model are replaced with placeholder variables {a, b, c,...}.
We call the resulting model a “general form expression”
(Fig. 6B). The placeholder variables are then taken to be
the adjustable parameters in a series of nonlinear regression
problems in which the general form expression is locally fit
to the dl/dt data at several different points (Fig. 6C). For
these experiments, the size of the local windows for which
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these local nonlinear regression fits were performed was set
to the size of the windows used in Step 1 of the algorithm.
Again, more sophisticated methods for selecting the size of
the window are considered in the Discussion section below.

We found the Levenberg—Marquardt algorithm [36]
with random-restarts to be an efficient means of performing
the large number of nonlinear regression runs that are
necessary. To accelerate the rate of achieving good local
fits, the initial estimates used at the start of each nonlinear
regression run were set to the fitted values of the place-
holder variables found with nonlinear regression in the
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Fig. 5 Algorithm Step 1: Modeling fast dynamics. A The time
derivative dl/dt is estimated from the original lynx data shown in
Fig. 3. Windows are then used to divide dl/dt into smaller data sets
over which slower components of the dynamics are approximately
constant. B Genetic programming is used to find the relatively simple
model that approximates the lynx dynamics within the window
bounded by the two dashed lines. This is repeated for several
windows, giving a bag of models

Fig. 6 Algorithm Step 2:

previous segment of the dl/dt data. The initial estimates for
the first nonlinear regression run were randomly chosen.
Overall, we found the computational effort required for
these repeated nonlinear regression fits to be negligible
compared to that required for portions of the algorithm
involving genetic programming, especially on a per-CPU-
core basis.

The result of performing local nonlinear regression for
several windows spanning the observed dl/dt data can be
visualized as a table as shown in Fig. 6D. Each row of this
table contains the results of fitting the general form
expression to one small window within the data. The first
N columns of a given row in the table are the fitted values
of the N placeholder variables and column (N + 1) is the
time point at the center of the window for which the local
nonlinear regression was performed.

2.3 Algorithm Step 3

In Step 3 of the algorithm, the tables produced in Step 2 are
processed with additional rounds of genetic programming
as shown in Fig. 7. In a given table with (N + 1) columns,
each of the first N columns represent the value of a
placeholder variable as a function of time, where time is
given in column (N 4 1). Together these two columns
constitute a new set of time series data that can be modeled
with genetic programming just as the original data was in
Step 1 (Fig. 7A). The resulting model can then be substi-
tuted into the general form expression where it replaces the
corresponding placeholder variable wherever it appears

Separating slow dynamics from A ﬂ 03971 0.8244] ﬂ =—0.13/+ hil
the data. Expressions are taken dr - . : dt
from the bag of models obtained di replace constants with
in Step 1 (A). The coefficients —=-0.89/+0.024 placeholder variables
in these expressions are dt se‘(\ dl
replaced with placeholder ﬂ =-0.131+0.3404! CY\OO —=al+bhl
variables (a, b, c, etc.), resulting dt dt
in general form expressions (B). dl fit placehold abl
Ordinary nonlinear regression is ; =-0.54/+3.021h/ foatci;:sefire:z:ta s
used to locally fit these d
placeholder variables at each of
several locations (..., t — 1, 1, D c Tl ot 1 42 -
t + 1,...) across the time span 30
of the original data (C). The 20
result of Step 2 is a table _ dl
(D) that contains the fitted 0.4345 0.0019 t-1 10
values for each placeholder dt
generate

variable as a function of time ¢ 0.5221  0.0022 t table from fitted 0

0.3322 0.0103 t+1 placeholder -10

0.3314 0.0114 t+2 variables 20
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Fig. 7 Algorithm Step 3:
Modeling slow dynamics and
completing model inference.

A As each column of a table
obtained previously in Step 2 is

use one column as time series data

/

a new set of time series data, it a(y) b(t

can be modeled with genetic

programming. B The best model

resulting from this genetic 0.4345  0.0019 t-1
programming step is a model of 0.5221 0.0022 t
the slow dynamics that is used 03322 00103 il
to replace the corresponding

placeholder variable in the 0.3314 0.0114 t+2

general form expression.

C Repeating this process for
every column in the table results
in the completed expression for
dl/dt

o

a0 | by | |

e N

genetic programming

select best model
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dt substitute best model

for placeholder variable
dl

— = ~(0.00206+0.8439)] + b

s N

0.4345 0.0019 t-1
0.5221 0.0022 t

0.3322 0.0103 t+1
0.3314 0.0114 t+2

(Fig. 7B). This procedure is repeated for additional col-
umns in the table and finally results in a complete model
for the observed lynx data (Fig. 7C).

2.4 Genetic programming for symbolic modeling

The algorithm proposed in this work relies on both non-
linear regression and genetic programming as sub-algo-
rithms. In this section, we describe the genetic
programming algorithm used in detail. Like other types of
regression, genetic programming applied to symbolic
modeling is concerned with the identification of a mathe-
matical model of a system based on experimental obser-
vations of the system. However, genetic programming can
identify both the algebraic structure and parameters of
these models, and this distinguishes it from other methods
such as linear and nonlinear regression that are capable
only of optimizing the parameters of a model with a pre-
defined structure [28]. The primary downside of genetic
programming compared with other types of regression is
the computational effort required for the search through the
space of possible algebraic expressions. A population-
based stochastic optimization technique has proven to be
particularly effective means of performing this search,
making genetic programming an evolutionary algorithm
closely related to genetic algorithms [13, 28].

Genetic programming, as with all evolutionary algo-
rithms, consists of numerous cycles called generations,

@ Springer

genetic programming

% =—(0.00207 + 0.8439)] + bkl
ﬂ =—(0.00207 + 0.8439)/ + {—“"(0 8 . 00514 —m }hl
dt 122456

which repeat until a desired performance goal or time limit
is reached. The stopping criteria used here was a hard CPU
time limit sufficient for the population to qualitatively
achieve convergence for the specific modeling problem.
However, the exact quantitative effects of total computa-
tional effort were examined for a subset of the test prob-
lems as described in more detail below. In each generation,
the individuals that comprise a population of solutions to
the problem reproduce, are selected to survive based on
their fitness, and finally are pooled to form the population
in the subsequent generation.

For symbolic modeling in this work we use linear
genetic programming, which is distinguished by its use of a
linear encoding [7]. With a linear encoding applied to this
type of symbolic regression task, an individual member of
the population corresponds to an algebraic expression
represented as a list of operators and operands (Fig. 8).

id type value 1 value 2
id 1 variable X

id 2 variable y
id 3 add id 1 id 2
id 4 constant 1.2345
id 5 subtract id 3 id 4

Fig. 8 Linear encoding for genetic programming. This individual
from a population has a single chromosome of length five and
represents the algebraic expression flx, y) = x + y — 1.2345
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Each entry or “gene” in the list is similar to a machine
language instruction; registers are used to store interme-
diate values as the list is evaluated from first instruction to
last. For example, the individual shown in Fig. 8 corre-
sponds to the algebraic expression flx, y) =x +y —
1.2345. Lists of machine language instructions such as
these are equivalent to directed acyclic graphs, which have
been shown to have advantages over the more traditional
tree-based representation for genetic programming [41].

The possible types of entries in the machine language
instruction list are drawn from the set of potential mathe-
matical building blocks with which candidate algebraic
models can be constructed. In each experiment described
below, the building blocks included both operations and
operands. The set of operands consisted of the measured
variables in the system {x, y, t, etc.} and floating point
constants [28]. The set of operations consisted of simple
arithmetic functions {+, —, *, /}, trigonometric functions
{sin, cos}, and exponentiation functions {exp, "}. Indi-
viduals in the initial population were formed by randomly
choosing operators and operands until lists with a length of
128 were formed. In practice, the vast majority of the lists
or “chromosomes” constructed in this manner contained
genes that performed no direct function, a frequently-
observed phenomenon both in genetic programming chro-
mosomes as well as in biological chromosomes [28].

Both crossover and mutation were used in our genetic
programming algorithm to generate novel individuals during
the reproduction process. Each generation, reproduction
proceeded by selecting two parents from the population of 64
at random. With 0.75 probability, these parents generated
two offspring by one-point crossover of their linear genomes
at a randomly determined location. Each instruction in each
offspring was then mutated with a probability of 0.01. If
mutated, an instruction was replaced with a randomly chosen
instruction, or with a new value in the case of instructions
that stored floating point constants. Reproduction continued
as described above until 64 children were generated.

After reproduction, models in the pooled population of
parents and offspring were selected to survive on the basis
of a fitness objective that measured the difference between
the behavior predicted by the model and that observed in
the target system. In this work we defined fitness -or more
precisely, the error- as the mean absolute error (MAE):

MAE() = 3 IF(x) ~ i

where fis a candidate model, x; and y; are the independent
and dependent variables in the training data, respectively,
and N is the number of examples in the training data.
Evolutionary algorithms are traditionally applied to sin-
gle-objective optimization problems, with the maximization

of fitness or minimization of error as the sole objective.
Instead, we implement survival selection as a multiobjec-
tive optimization problem, with both MAE and genotypic
age as competing objectives to be minimized [45]. This
Age-Fitness Pareto optimization approach has been shown
to compare favorably with other powerful selection meth-
ods that reduce solution bloat and promote population
diversity, such as Deterministic Crowding [34] and ALPS
[20]. In this work, the Age-Fitness Pareto approach was
implemented by first pooling all parents with all the off-
spring generated during reproduction. This combined pop-
ulation was then culled with a “Pareto tournament”
scheme, in which two members of the combined population
were selected at random to compete. If one of the pair had
both higher age and higher MAE than the other, it was
discarded. The survivor was then returned to the pool. This
continued until the population size was reduced back to 64.
We defined age as the number of generations in which an
individual’s oldest genes had been present in the popula-
tion. Offspring age was always set to the parent’s age, and
offspring inherited the age of the older parent in the case of
crossover. In order to ensure a steady flow of diversity into
the population, a new solution was added to the population
each generation. This new individual was assigned an age of
zero and was randomly generated in the same manner as all
members of the initial population.

To improve the capability of genetic programming to
evolve models with floating point constants, many authors
have embedded local search algorithms within a standard
genetic programming framework to create a type of me-
metic algorithm [21]. Here, we use simple hill climbing to
perform this local search [39]. Each generation, one hill
climbing step was performed whereby all floating point
constants in each individual were mutated with a proba-
bility of 1.0. The error of each individual was then
reevaluated and if the error increased, the old parameter
values were restored.

As a further variation on standard genetic programming,
we used coevolved rank predictors as part of a meta-
algorithm to accelerate evaluation of candidate models.
Predictors are a subset of the full training data set and are
represented by a linear chromosome of integers, where the
integers are indices to points in the training data set. For
example, a predictor of length three might be {87, 349,
817}, where the integers refer to the 87th, 349th, and 817th
time points in a data set. Predictors can be used as a sub-
stitute for evaluating the fitness of a candidate model with
the full training data set, thereby greatly accelerating fit-
ness calculations. While the subset of points specified by a
predictor can be selected randomly, recent research has
shown that coevolving predictors can significantly outper-
form random selection with minimal computational over-
head [42]. In the present work, predictors were coevolved
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by attempting to minimize the difference between the rel-
ative fitness or rank of the solutions calculated using the
full set of training data points and the rank of the same
solutions calculated using only the data points specified by
the predictor [44]. The predictors had a length of 128 and
the size of the predictor population was 16. Predictor
evolution was performed with a simple genetic algorithm

employing deterministic crowding selection [34], 0.1 point
mutation probability, and 0.5 crossover probability. For full
details, we refer the reader to our previous work [42, 44].

To evaluate algorithm performance in as unbiased a
manner as possible, some experiments described below
used random functions as targets. To generate these ran-
dom functions, lists of operations and operands were

Inferred Model Algorithm Performance

Target System Experimental Data
1.2
. ) 0.8 |
Synthetic sum-of-sines i
I
f(£)=0.68sin(r)+ 0.35sin(100¢) 04 (A
0 {
|
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0 05 1 15 2 25 3
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& rx+
dt 7 3

& =0.65co0s(3.14z)— x
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Fig. 9 Four of the multiple-time-scale systems used to test the
proposed algorithm. The first column shows the target systems, which
are only approximate theoretical models in the case of the two
physical (non-simulated) systems: the cantilever beam and the
5-azacytidine system. The second column shows the data measured
from the corresponding system, which is the input to either the
algorithm proposed in this work or to genetic programming alone.
The third column shows the best model inferred by the proposed
algorithm. Finally, the fourth column summarizes the results of 50
trials of the proposed algorithm and genetic programming alone. The
error bars represent + standard error of the mean for 50 independent
trials of the algorithms. All differences between the proposed
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algorithm and genetic programming alone except for the 5-azacyti-
dine kinetics problem are significant by an unpaired ¢ test, p < 0.05.
Values for the 5-azacytidine kinetics problem are multiplied by 1,000
for easier visual comparison with the other results. The fourth column
also shows performance comparisons with ordinary linear and
nonlinear regression. The bars with horizontal whitespace in between
indicate that the associated MAE values are too large to draw on the
same meaningful scale as the other results. Note that the bars
indicating + standard error of the mean for 50 trials of nonlinear
regression are too small to be visible for two out of the four
experimental systems and that there are no error bars for linear
regression as in this case it is a deterministic procedure
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generated at random as with the construction of individuals
in an initial genetic programming population. Unlike with
population initialization however, random lists were gen-
erated until the expression encoded by the list was math-
ematically valid. The expression was then symbolically
simplified using MATLAB’s Symbolic Math Toolbox to
obtain an accurate measure of the random expression’s
complexity. Complexity was defined simply as the total
number of operations and operands in the expression. This
procedure was repeated until a large number of unique
functions across a range of several complexities was
obtained.

3 Results

To test the proposed algorithm, we applied it to several
systems with multiple time scales. Three of these were
synthetic systems with simulated data and two were
physical systems.

3.1 Application to synthetic systems

Three synthetic systems were studied: the one-dimensional
“sum-of-sines” test system, a more complex three-dimen-
sional oscillating system, and randomly-generated func-
tions with multiple time scales. The ground truth equations
for the first two synthetic problems and a sample of data
generated from them are shown in Fig. 9 (first and second
rOws).

50 independent trials of the proposed algorithm were run
with the goal of reverse-engineering the target expressions.
As standard genetic programming algorithms that do not
take into account the presence of dynamics at multiple time
scales are applicable to the same task, 50 independent trials
of genetic programming alone were also run with the same
targets as a control to gauge whether the proposed algo-
rithm was able to obtain better models with the same
amount of computational effort. All “genetic programming
alone” results below were obtained with the algorithm
described in Sect. 2.4 above.

In all trials for one of the modeling problems, the total
number of candidate model evaluations was the same,
regardless of whether the proposed algorithm or genetic
programming alone was used. The ground truth equations
were used to generate training data, which was used during
model inference. These ground truth equations were also
used to generate separate test data, which were not used
during model inference but were used as the basis for all
performance results reported below. Gaussian noise ~ N(0,
0.01) was added to the training data for the Van der Pol
oscillator problem and varying amounts of noise were

added to the training data for the sum-of-sines problem as
described below.

The best models produced in each of the trials (as
gauged by performance on the in-sample training data)
were pooled and ranked by MAE on the test data set. The
target, best, and median models from this pool (as gauged
by performance on the out-of-sample test data) from this
pool are compared in Table 1. In addition, the best models
produced by the proposed algorithm are shown in the third
column of Fig. 9. For both synthetic problems, the pro-
posed algorithm outperformed genetic programming alone.
Although the inferred models with lowest error found with
both algorithms closely matched the target models, mod-
eling with the proposed algorithm appeared to be more
robust. In particular, the structure of models with higher
error tended to differ from the target to a greater extent
with genetic programming alone as can be seen by com-
paring the median models in Table 1. This is also reflected
in the MAE of the models produced by the proposed
algorithm and by genetic programming alone as shown in
the fourth column of Fig. 9.

In principle, both ordinary linear and nonlinear regres-
sion are applicable to the same modeling tasks studied here
and can also serve as a baseline against which the perfor-
mance of the proposed algorithm can be judged. For the
two synthetic systems, we tested the performance of linear
and nonlinear regression by specifying the structure of
linear and nonlinear models that could reasonably be sup-
posed to capture the dynamics of the system under study
once parameter values were optimized. For the sum-of-
sines problem, the linear model was taken to be a second
order polynomial of the form:

f(t) = p1 +pat + p3t®
and the nonlinear model was taken to be of the form:
f(t) = pysin(pat + p3) + pa sin(pst + ps) + p7

where in both cases, p is a parameter vector to be opti-
mized. Similarly, for the Van der Pol oscillator problem,
the linear model was:

dx _ 2 2 2 3

a P + paX + p3y + paz + psx” + pey” + prz7 + psx
+ oy’ + P12

D o+ prx+ pay + paz + ps® + pey + pr + pex’

dr P17 P2X T P3Y T PAZ T Psx T PeY T P12 T PgXx

—l—P9y3 +P10z3
% — + 2 2 2 3
7 D1+ P2X + p3y + paz + psx™ + pey” + p1z7 + psx
+poy® + pod’

and the nonlinear model was:
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Table 1 Models produced by

the proposed algorithm and by
genetic programming alone for
the two synthetic systems: the

sum-of-sines system (A) and a
Van der Pol Oscillator (B)

(A) Sum-of-sines
Target

Best, proposed algorithm

Median, proposed algorithm

f(t) = 0.67890 * sin(t) + 0.34560 * sin(100 * t)

f(t) = 0.67890 * sin(t) + 0.34560 * sin(100 * t)

f(t) = 0.67879 * sin(0.00011 + t) 4 0.34580 * sin(99.98260 * t — 6.14881)

Best, symbolic regression alone

f(t) = 0.67890 * sin(t) + 0.34560 * sin(100 * t)

Median, symbolic regression alone

£(t) = sin(t) — 0.65618 * sin(t) * sin(—49.55108 * t) * sin(—49.55108 * t)

(B) Van der Pol oscillator
Target
dx/dt =y 4+ x — x’/3

dy/dt = 0.65430 * cos(3.14159 * z) — x

dz/dt = 0.01000
Best, proposed algorithm
dx/dt = y 4+ x — x*/3.00049

dy/dt = 0.65432 * cos(—3.14181 * z) — x

dz/dt = 0.00995
Median, proposed algorithm
dx/dt = y + x — x*/3.00041

dy/dt = —0.65948 * c0s(9.13489 — 3.06381 * z) — 0.99125 * x

dz/dt = 0.00997

Best, symbolic regression alone

dx/dt =y 4+ 1.00084 * x — x*/3.00147
dy/dt = 0.65309 * cos(—3.14095 * z) — x

dz/dt = 0.00996

Median, symbolic regression alone

dx/dt = y 4 0.99894 * x — x*/3.00302

dy/dt = z 4+ 3.73327 * cos(z) — x

dz/dt = 0.01001

dx . .

primdd sin(pax + p3) + pa sin(psy + pe)
+ p7sin(psz + po) + pr1o

d . .

% = p1 sin(pax + p3) + pasin(psy + pe)
+ p7 sin(pgz + p9) + p1o

dz ) .

o = Prsin(pax + p3) + pasin(psy
+ pe) + p7sin(psz + po) + pio

For these comparisons, linear regression was performed
by QR decomposition and nonlinear regression was per-
formed with the Levenberg—Marquardt algorithm [36] with
small uniform-distributed random parameters as starting
points for each of 50 trials. Results from these trials are
shown in the fourth column of Fig. 9. Under these models,
both linear and nonlinear regression performed poorly on
test data for both problems, and while they required
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considerably less computational effort than genetic pro-
gramming or the proposed algorithm applied to the same
task, they suffer from the same problem as all fixed-form
modeling methods: their structure must be hand-designed
and specified in advance.

Several factors could potentially influence the accuracy
and efficiency of the proposed algorithm. These include
two factors beyond the control of the investigator: the
presence of noise in the training data and the magnitude of
differences between time scales inherent in the system. In
contrast, the choice of window size and the total amount of
computational effort used are two factors under the control
of the investigator likely to impact the performance of the
algorithm.

To investigate the effects of these four factors, we used
the sum-of-sines test problem shown above but system-
atically varied the influence of the four factors. As before,
the performance of the proposed algorithm was compared
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with that of genetic programming alone. 50 independent
trials were performed for each and the same amount of
computational effort used in all trials. A summary of
these results is shown in Fig. 10. For relatively low noise
levels (Fig. 10A) and a large difference between the two
time scales (Fig. 10B), the proposed algorithm outper-
forms genetic programming alone. However, at higher
noise levels and less separation between time scales, this
advantage decreases. The impact of noise and separation
between time scales is perhaps difficult to appreciate
without visual inspection of the corresponding data;
Fig. 11 illustrates these factors graphically for several
different example time series. For the sum-of-sines
problem with no noise and maximum separation between
time scales, the advantage of the proposed algorithm over
genetic programming alone is robust over a wide range of
window sizes (Fig. 10C) and total computational effort
(Fig. 10D).

Finally, to test the performance and scalability of the
proposed algorithm in as unbiased a manner as possible, we
generated hundreds of random target problems with two
time scales and a wide variety of different complexities. An
example of a random target problem is shown in Fig. 12A.

The proposed algorithm outperforms genetic programming
alone across a range of target complexities (Fig. 12B).

3.2 Application to physical systems

Two physical systems were studied: a vibrating cantilever
beam modeled as a one-dimensional function of time [32],
and the two-dimensional 5-azacytidine chemical reaction
system [2, 3]. The application of the proposed algorithm to
the vibrating cantilever beam was straightforward as the
vibrations of the beam represent the faster component of
the dynamics and the gradual decline of the magnitude of
these vibrations due to damping represents the slower
component of the dynamics. Data for this experiment was
collected by manually displacing a simple steel beam and
optically tracking the motion of its tip for several seconds.
The first 2 s of motion tracking data from one such trial are
shown in Fig. 9, row 3, column 2.

In contrast, the 5-azacytidine system displayed a dis-
tinctive type of behavior known as fast-slow dynamics [9,
37]. The “fast” phase dominates very early in the chemical
reaction while the “slow” phase dominates later. This
contrasts with the systems considered so far in which the

0.2
A 0.2
0.16
S 0.15
=
T 012
e}
2 0.1
< 0.08
©
9]
E 0.04 0.05
0 0 proposed
0.0 0.05 9.1 0.15 0.2 1.0 2.1 4.4 9.1 19.1 algorithm
noise ¢ slow frequency
C genetic
programming [N
0.16 0.2 alone
g 0.12 015
o]
v
-g 0.08 0.1
c
©
9]
£ 0.04 ’J(‘ ’.I.‘ 005
. LR .
12345678 1.5 3.0 6.0 120 240

9 10
window size (time units x 107%)

Fig. 10 Effects of noise, magnitude of time scale differences,
window size, and computational effort on algorithm performance.
The target for the sum-of-sines problem was changed from that shown
in Fig. 9 to: f(r) =0.67890 - sin(Q - ) 4+ 0.34560 - sin(100 - 1) +
N(0,0) where Q is the frequency of the slow component of the
dynamics and o is the standard deviation of Gaussian noise added to
the signal. The effect of varying ¢ on the mean absolute error of the
best generated models is shown in (A) and the effect of varying Q is

) 9
model evaluations x 10

shown in (B). For the sum-of-sines problem with no noise and with
maximum separation between time scales, the effect on mean
absolute error of varying window size is shown in (C) and the effect
of varying the amount of computational effort used is shown in (D).
Light gray bars are results for the proposed algorithm, dark gray bars
are for genetic programming alone, and the error bars are & standard
error of the mean for 50 independent trials of the algorithms
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Fig. 11 Tllustration of the effects of noise and magnitude of time
scale differences in a target function. A Data generated from the sum-
of-sines function given in Fig. 10’s caption with different values of Q,
the frequency of the slow component in the dynamics. The scale of
the vertical axis is given by the bar above and to the right of the
bottommost curve. All curves share the same vertical and horizontal
scales. B Data generated from the same sum-of-sines function with

A B
7(t) = sin(exp(7) - (1 — 0.3438)) + sin(In(100 - 1) 23.7083 /1) 0.5
2 =
S 04

@
! 803

©

c

[0 3
g 0.2
-1 0.1
2 0

0 1 2 3

Fig. 12 Random target functions with multiple time scales. A An
example of a random target function with a complexity of 17.
Complexity is quantified as the number of operators and operands in a
function. B The effects of varying random target function complexity
on algorithm performance. Light gray bars are results for the

fast and slow dynamics are superimposed throughout the
observed time series. However, a simple variation on our
algorithm for reverse-engineering multiple-time-scale
dynamical systems can be employed for fast-slow systems
as well. Instead of using windows to decompose superim-
posed dynamics at different time scales, the data are
decomposed into a very early phase when the fast
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different values of o, the standard deviation of Gaussian noise added
to the signal. The scale of the vertical axis is again given by the bar
above and to the right of the bottommost curve, and all curves share
the same vertical and horizontal scales. The scale of the horizontal
axis in this panel is smaller than that in panel A in order to show the
fine details of how noise corrupts the signal

proposed
algorithm

genetic

programming [N

alone

1M 13 15 17 19
random function complexity

proposed algorithm, dark gray bars are for genetic programming
alone, and the error bars are + standard error of the mean for 50
independent trials of the algorithms. The same number of model
fitness evaluations was used in all trials. A unique random target
function was generated for each trial within each complexity class

dynamics are expected to dominate and a later phase when
the slow dynamics are expected to dominate. A model of
each of these components is inferred separately and then
finally combined into a complete model. The raw data for
these experiments was collected by Argemi and Saurina as
part of their detailed kinetic analysis of this chemical
reaction system [2].
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Approximate theoretical models for the two physical
systems derived from first principles are shown in Fig. 9,
column 1. The experimental data from the systems are
shown in Figure 9, column 2. Reverse-engineering was
performed as for the synthetic systems with 50 inde-
pendent trials and the same amount of computational
effort was used for the proposed algorithm and genetic
programming alone. As with the synthetic systems, the
best models produced in each of the 50 trials were
pooled and ranked by mean absolute error on the test
data. The target, best, and median models obtained by
the proposed algorithm and by genetic programming
alone are compared in Table 2. Along with the theoret-
ical models, the best models from 50 trials of the pro-
posed algorithm are shown in Fig. 9, column 3. The
proposed algorithm outperformed genetic programming
alone for both physical systems as shown in Table 2 and
Fig. 9, column 4).

We also compared the performance of the proposed
algorithm and genetic programming alone with that of

ordinary linear and nonlinear regression. For the physical
cantilever beam system, the linear model was taken to be of
the form:

f(t) = p1 + pat + pst*
and the nonlinear model was of the form:
f(t) = p1 sin(pat + p3) + pa sin(pst + p) + p7

For the physical 5-azacytidine kinetics system, the linear
model was:

dx

w P + pax + p3y + pax® + psy* + pex® + p7y’

dy 2 2 3 3
EfP1+P2x+P3)’+P4X + psy” + pex” + p7y

and the nonlinear model was:
dx . .
- = Pisin(pax +ps) + pasin(psy + pe) + p7

d . .
% = p1sin(pax + p3) + pasin(psy + ps) + p7

Table 2 Models produced by the proposed algorithm and by genetic programming alone for the two physical systems: a cantilever beam (A) and

the 5-azacytidine reaction system (B)

(A) Cantilever beam
Approximate theoretical model

f(t) = 3.3672 * exp(—0.5298 * t) * cos(104.0514 * t + 0.19914)
Best, proposed algorithm

f(t) = (0.09382 + exp(—t) * (4.03615 + 0.09041 * t + 0.54199 * %)) * cos(104.0481 * t — 163.1311)

Median, proposed algorithm

f(t) = (0.46968 + 3.59458 * exp(—0.98795 * 1)) * cos(—104.04810 * t — 31.18420)

Best, symbolic regression alone
f(t) = (1.47585 + 0.97938 * exp(0.99979 — 1.35988 * t)

Median, symbolic regression alone

f(t) = 2.57905/(0.58074 + t) * cos(104.52440 * t) + 0.30671 * cos((cos(0.01356/(t?)) + 3.86792/t + 104.92515) * t

(B) 5-azacytidine reaction kinetics
Approximate theoretical model
dx/dt = 0.01871 * y — 0.00125 * x
dy/dt = —0.01490 * y
Best, proposed algorithm
dx/dt = 0.01799 * y * x%99%6 _ 0,00132 * x
dy/dt = —0.01628 * y * 0.90006”
Median, proposed algorithm
dx/dt = 0.01778 * y — 0.00132 * x
dy/dt = —0.01695 * y * 0.82759"
Best, symbolic regression alone
dx/dt = (0.12748 * y — 0.00847 * x)/(6.43765 + y>7393)
dy/dt = —0.01660 * y*/(y — 7.33560) — 0.01660 * y

Median, symbolic regression alone

dx/dt = 0.01906 * y* + 0.01906 * x * y — 0.00139 * y — 0.00139 *

dy/dt = 0.00283 * y> — 0.01684 * y

X
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As with the synthetic systems, linear and nonlinear
regression here required less computational effort but
performed more poorly than the proposed algorithm or
genetic programming alone. The exception was linear
regression applied to the physical 5-azacytidine system,
which performs as well or better than the proposed
algorithm. The physical system in this case happens to
be well approximated by a very simple linear model,
although this would not be known in advance unless the
experimenter possessed significant domain knowledge. In
contrast, the proposed algorithm performs as well or
nearly as well across several trials without the need for
any such knowledge, and in fact, with the ability to
generate models that convey that knowledge to the
experimenter.

4 Discussion

We propose a hybrid evolutionary algorithm for the auto-
mated modeling of dynamical systems with multiple time
scales. For both synthetic problems in which an exact
underlying model is known and for physical systems with
only approximate theoretical models, the algorithm con-
sistently found models that matched the accuracy and
parsimony of the targets. Although genetic programming is
the core of our approach, our results suggest that the evo-
lutionary algorithm proposed here can significantly out-
perform ordinary genetic programming with little
additional computational effort. By improving the scala-
bility of the automated modeling process in this domain,
the algorithm proposed here helps to meet the challenge
posed by the ever-increasing complexity of systems studied
throughout science and engineering [11, 47, 48].

Most theoretical and computational work in the area of
multiple-time-scale dynamical systems has focused on a
technique known as singular perturbation theory and its
related techniques [23, 49]. The goal in this body of work is
to decompose models of multiple-time-scale systems into
independent single-scale systems that approximate the
behavior of one of the scales in the original system [9, 33].
Although singular perturbation and its extensions are
powerful techniques, they are used for a fundamentally
different purpose than the algorithm we propose here.
Singular perturbation starts with a complete, hand-designed
model and then proceeds to analyze and reduce that model,
whereas the focus of the present work is on the de novo,
automated design of the complete symbolic model using
only empirical observations. This makes the algorithm
proposed here more closely related to the divide-and-con-
quer curve fitting technique MFIT, in which high dimen-
sional regression problems with several independent
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variables are reduced to a series of single-dimensional
regression problems [31].

The algorithm we propose involves multiple interacting
sub-algorithms and stages of analysis, and it is perhaps
somewhat opaque as to how overall improvements in
modeling efficiency over genetic programming could be
gained. Although a detailed theoretical treatment of the
proposed algorithm’s performance is beyond the scope of
this discussion, we present our hypothesized explanation
for the performance gains of the algorithm under the gen-
eral framework of divide-and-conquer problem-solving.
Like any divide-and-conquer approach to computation, the
algorithm proposed in the present work decomposes the
problem at hand into smaller sub-problems, each of which
are easier to solve than the original problem and which
generate solutions that can be combined into a solution for
the original problem. In the present case, the “original
problem” is a complex symbolic regression problem and
the “sub-problems” are much less complex symbolic
regression problems. The novelty of the algorithm lies both
in how these sub-problems are defined and in how the
solutions to these sub-problems are combined to result in a
solution to the original problem. In Steps 1 and 2 of the
algorithm, the raw data is processed to create data that
serves as targets for simple symbolic regression sub-
problems. Then, using the “placeholder variable” idea, it is
in Step 3 that the solution to the original problem can be
composed from the solutions to the individual symbolic
regression sub-problems with negligible computational
effort. It is an empirical question as to whether the total
effort expended at solving the symbolic regression sub-
problems is less than what would be required to solve the
original problem directly, and we provide the results of
investigations into this question using a variety of synthetic
and physical modeling problems, with the primary con-
clusion being that the proposed algorithm can outperform a
baseline free-form symbolic modeling algorithm when
both solution accuracy and computational effort are taken
into account.

One of our algorithm’s main assumptions is that win-
dows of an appropriate size are chosen in Step 1 and Step
2, yet information for making this choice at the start of an
experiment would generally not be available. The results
shown in Fig. 10C suggest a degree of insensitivity to the
exact choice of window size, and in the current work we
found that simple inspection of the data was sufficient to
determine reasonable window sizes. However, many pos-
sibilities exist for a more principled method of identifying
window size. For systems with periodic dynamics, one
such approach is to find the frequency spectrum of the
signal as in Fig. 1B and use it to estimate the optimal
window length that would separate faster components of
the signal from slower components. More advanced
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techniques such as wavelet analysis [1] could also be used
to decompose signals into components that dominate at
different time scales.

Systems with multiple spatial scales, multiple spatio-
temporal scales, or with more than two time scales were
not considered in the examples here but should be ame-
nable to analysis by the proposed algorithm with little or no
modification. Rather, any limitations of the algorithm
would likely be due to noise in the data, the resolution of
the data, the magnitude of separation between spatial or
temporal scales, and the computational effort expended in
the model search. The resolution of the data set and the
magnitude of separation between spatial or temporal scales
would generally not be under the control of the experi-
menter, but sophisticated denoising techniques such as
unscented Kalman filtering [24] could reduce problems
posed by noise in the data.

The synthetic and physical systems here were chosen to
be relatively tractable so that several trials could be per-
formed as a basis for comparison between the proposed
algorithm, genetic programming alone, linear regression
alone, and nonlinear regression alone. It is likely that the
relative benefits of the proposed algorithm over ordinary
genetic programming and other methods will increase as
the difficulty of the problem increases. Further work is
needed to rigorously test this hypothesis and to gain
additional insight into how the performance of algorithms
for automated modeling can scale with problem size and
difficulty. Such insight will become increasingly important
in our modern world as the rate at which data is collected,
stored, and analyzed continues to grow.
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